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BbK 22.1+22.2
Yy 51

ITevamaemcs no pewenuio Yuenozo cosema
MEXQHURKO-MamemMamuyeckozo ([)axyf: bmemda
Vavanoeckozo BOC)JC)GPCHIGGHHOEO ynugepcunema

Y 51 Yuyenble 3anHCKH YIbAHOBCKOr0 rocyJapcTBeHHOr0 YHHBEPCHTETA.
Cep. «®ynnamenTanbHble NpoGieMbl MaTEMAaTHKK U MeXaHHKH». Boim. 2(12)/
Ilon pen unena PAEH u AHH, npod. A.C.Auapeepa. — Yibsnosek: Yal'V,
2002. - 176c.

B c6opuuke nyGankyiores Tpyasl npenosasaresneii, COTPYJHHKOB H aCMHPAHTOB MEXAHHKO-
MaTeMaTHYCCKOro (akyibTeTa No (hyHAAMEHTAILHBIM MPOGAEMAM MATEMATHKH H MEXAHHKH.
Tarke nyGamkylores cTaTbi pOCCHIiiCKMX M 3apyGesHBIX yueHbIX, ¢ KOTOPLIMH  BeayTCH
COBMECTHLIC Hay'HbIC MCCACAOBAHHSA, U paboTbl, GIH3KHE HM 1O TeMaTHKE.,

Hannbiii BbINYCK TPYAOB NpPEACTAB/SET MHTEpPEC JUIS CNCUMANHCTOB, ACMHPAHTOB H
CTY/ICHTOB, 3AHHMAIOLUKXCH NPOGIEMaMi TCOPHH YCTOHUMBOCTH M ee NPHAOKEHHH, YHCIEHHOrO
aHAJIH3a, TEOPHH YNPABJICHHA H TCOPHUH BEPOATHOCTEI.

©Y nbaHOBCKHil rocyrapcTBeHHbI yHuBepcurer, 2002



ACAHC’ eea. O pausiunn er YKTYPDI CHJL HA yeTORUHBOCTH HOJ0KCHHST PABHOBCCHS ...
PYKT) J

VK 531.36

O BJINSIHUUN CTPYKTYPHI CUJI HA YCTONYUBOCTB
IMOJIOXKEHNSI PABHOBECHUS HEABTOHOMHOM
MEXAHUYECKOI CUCTEMBI!

A.C. Aaapeesn

3agaya 06 ycTOHYMBOCTH TNOJNOMEHUS PaBHOBCCHS MEXAHHYUCCKON CHCTEMbl B
3aBHCHUMOCTH OT CTPYKTYPbl JAefCTBYIOIMX CHJ SIBJSICTCH KJaccHuyecKoit 3ajadeit. B
cJlyvae HECTAlHOHAPHLIX CBs3ell W SIBHOH 3aBHCHMOCTH JEHCTBYIOUIMX CHJI OT BPEMCHH
3Ta 3aja¥a A0 HACTOSILIErO BPEMEHH OCTaeTCst Masionceaeaonanioit. Onpegesennbie pe-

3yALTATH MOXKHO HaiiTh B cTaThax [1-5). Leabio nacrosmedt paborsl sBasercs passurHe
1 obodieHe ITHX Pe3ysbLTaTOB.

1. ITocTaHoBKa 3aJa4M.
P&CCMOTDHM IFOJIOHOMHYIO MEeXaHH4YEeCKYIO CHCTeMYy C HeCTallHOHaAPHBIMH

CBS3SIMH, NOJIOXKEHHE KOTOPOIA ONpeE/1esaeTCs 00001LIEHHBIMHA
koopauHaTamu ¢ € R". Kunernueckas HEPrusi CHCTEMbI

T — T2 + Tl + TU: 2T = qrA(t: Q)q: Tl = B'(ti Q)QI TO = TO(tr Q):

rae BeKTOp § = j—% obo3Hauen Kax BekTop-crombew, A(g) ects (n X n) -
MaTpHIA, [OJOKHMTEJIBLHO ONpEACICHHAs I BceX ¢ € R™, Tak 4TO MMeer
MecTo MaTpuyuHoe HepasenctBo A(t,q) > A = aE, ag = const > 0, E -
eauHUYHaA Marpuua, B(t, ) — marpuia-cronben. 3aeck 1 B JajbHelmeM
()’ osmauaer Tpancnonuposanue, ||g|| ecrs nopma B R, ||g||°* = ¢'q = ¢} +
@+ .+ g

Jpuxkenue cucremnbl nop jeiicrsuem obobuwenusix cun Q@ = Q(t,q,q)
MOXeT OLITL OnmMcaHo ypasHeHusimu Jlarpanyka, NpUBEACHHBIME K BHAY

d (9Ty\ 0T, . 9T, 0B _,
EL208) Y oot O ==y, [
< (52) - G2 =e+ci+ G- 5 Gl = ~Glha), (1)
. 0Ty, 0B
rae cocrasiasiomme Gg, Sa ' §p MOXIO TpAKTOBATD Kak 0006lIeHHbIe
q

cuJbl, 00YCIOBNIEHHbIe HHePUHANLHOCTLIO CBSA3EH.

| PaGora puimosnnena npy ¢unancosoii nogaepxke POOH (npoekrut Nt 02-01-00877, Nv 00-15-96150).
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Pyndascermarvime npobacsmn smamesmamuru u smezanuxu, Bumyex 2(12), 2002

aTy(t,0)  dB(t,0)
IMycrs Q(t,0,0) + — - ‘
} ( ] 1 ) aq at
nosoXkenue papnosecust ¢ = ¢ = 0.
Paccmorpnn 3asauy 06 yCTORYHBOCTH 3TOTO MOJIOYKEHHSI PABHOBECHA B
3aBHCHMOCTH OT cneaylomero npejcraBieHiisi BCex CHJI

= 0, TaK YTO CcHCTEMa HMeeT

T, oB
Q'(tgvd) = QUL 0.0) + Gt )i + 5 (1) = Fr(ti) =

= Qpt,q) + Qr(t,q) + Qy(t,q,9) + Qult, q,9),

rne @p, @r, Qp m Qg ecTb COOTBETCTBEHHO IOTEHUHAJbHBIE,
HEKOHCePBATHBHBIC, TMPOCKONMHYECKHE W JAUCCHIATHBHLIEC CHJILI

o1l

Qp(is 0) = 01 Q]‘J(tIQ) = _'(%: 1= H(t'Q): Qr(tlo) = 0} Qy(tm‘-?:o) = 0:

Qu(t,q,0) =0, ¢'Q.(t,q) =0, ¢Qy(t, q,4) = 0.

Byaem mnpeanonarars, uro ¢ynkumn Bxogsume B ypasHenust (1.1)
TAKOBBLI, YTO JBHYKEHHSI CHCTEMbI HENPEPLIBHBI M0 HAMAJILHBIM YCIOBHIM
(0,90, G0) € R x R* x R". IIpu onpeaenenn ycaoBHil acHMIITOTHYECKOI
YCTONHYHBOCTH M HEYCTONYMBOCTH IOJOMKEHHsI paBHOBecHsi ¢ = q = 0 ¢
npuMeHeHseM TeopeM u3 [2,3,6] yzer npeAnosarathes, YTO MpaBble YacTH
cucremsl (1.1), paspenieHnble OTHOCHTEIBHO (, YAOBJICTBOPSIOT YCIOBHIO
JInnumua no (q,q4) € K, K = {||¢]| < p1, llgll € p2} ana mobuix py, p2 > 0,
rapaHTHpylouee NPeJKOMIAKTHOCTL pa3pellennbiXx ypashuenuit [2,6,7] u
COOTBETCTBEHHO NPHMEHUMOCTDL TeopeM n3 [2,3,6].

Mz ynobersa usnoxenns B gansheiimem 6yaem obosnavars yepes H
knacc pyuxunit Tuna Xana, a € H, ecn @ : RY - R*, a(0) = 0, a(e)
HenpepriBHa B Touke @ = 0 u cTporo monoronno Bospacraer (8. Yepes Q,
1 {2 obo3nauHM Kacchl HenpepbiBHbIX Gynkuuit 1, v2 : Rt — R™, Taknx,
YTO COOTBETCTBEHHO

t+T f”'i"Tu

lim inl'ffn('r)d'r>0, lim inf [ Yo(7)dT > 0,
l

t—+00,7"—+0oc n—+00
ty

rae t, — 4+0C ecTh HeKOTopas NocjieaoBareNsLHoCTh, 1y > 0.
B 3azade 06 ycToHuMBOCTH MO YaCTH KOOPAMHAT MOJOKHM ¢' =
/ / S / % _ .
(q1,92)am)’s @° = (gm+1,..,qn)’. Obo3HAUNM TaKXKEe: B, = {q € R" :
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A.C.Audpees. O Bausnun CTpyKTYpbl CHI A YCTORIUBOCTS 110J0KCHHS PABHOBCCHS ...

llgll < €} ¢ mocrarouno manbim € > 0, Py = if,)ﬂq‘!(O), I'~(t) = {¢g € R* :
M(t,q) < 0} B:, T (t) = {g € R" : Mo(q) < 0} B:, B; = {g € R" :
lg'll < e}, T7(t) = {q € R" : T(t,q) > O} " B;.

2. YCTOMYNBOCTH MO JAEMCTBUEM IOTEHIMAJIBHBIX CHUJI.

Mycrs Q° = Qn = —&, T = TI(t,q).

VYreepxaeuue 2.1. Ecim ans seex (¢,q) € R x B,

T, .,0A(t,q) oll(t, q)

oo ! H . > 0 I‘[ t’ > : b

5 =45 420 Mt ) 2 a(llall), —;
TOra IOJIOXKeHHUe paBHOBecHs1 ¢ = ¢ = (0 paBHOMEPHO YCTOI'UBO.

Vreeprkaenue ecth cieiacrBue Teopembl JIsmynosa [8,9] ¢ dynkumeit
V =T, + 1L
Yreepxxaenue 2.2. Ecin pus seex (t,q) € R x B;

<0,

qﬁﬂét,q) <0
q

TOTrJa NOJOXKeHne paBHoBecHsi ¢ = ¢ = () HeyCTOI4UBO.

Yrepxkaeaune 2.3. Eciu jgus mekoToporo ty € Rt MHOXeCTBO
I~ (to) # Q u {g = 0} € U (t), a Takke ans Beex (t,q) € RT x ' (¢),
q € B

9A(t,q) . oll(t, q) ,011(t, )
-f ) ) < 0, ) < 0,
T 1 o — ! by -

TOTrZa NMOJIOYKeHHEe paBHoBecHs ¢ = ¢ = 0 HeyCTOH4YHBO.

<0,

Yreepxkaeuua 2.2 # 2.3 BLIBOAATCI Ha OCHOBE TEOpeMbl O
HeyCTOoIYNBOCTH U3 [2].

Vreepxkaenue 2.4. [Jua cnenmansHoro npexacrasiaenus II(t,q) =
p(t)p(q), 0 < p(t) < p1 yrsepxuenus 2.1-2.3 ocraiorcst B CHJle, eC/H
MX YCJIOBHMS COOTBETCTBEHHO NOMEHSATL HA CJe/ylolue:

2.4.1. Insa Becex t € Rt n g € B. \ {0}

2 >0, p(t) 2 0,Thofg) >0,
2.4.2. Ins Bcex q € B
q:aHO(Q)

<0,
oq

)



Dyndasenmanvyuvie npobaesv MAMCMAMUKY U METANUURL. Boinyek 2(12), 2002

2.4.3. Muoxectso [y # Q u {qg = 0} € 9y, a Takke ans peex t € R* u
qeE F{;; q € B, : )
8T2 ,81'10 q
— <0, p(t) >0,
55 < p(t) 20, ¢ 9
Ipumep 2.1. TlycTh TsaXkes0e TBepAoe TeJIO0 3aKPEMIEHO C TOMOLIbIO
IAPOBOr0 IIAapHUpa Ha TmuaTdgopMme, COBepIIalolIel BepTHKAIbHBIE
konebanus 1o 3akony ( = ((t). Ha ocnoBanun yteepxkaenuit 2.1 u 2.4.1

MOXKHO HaWTH, YTO NMPH YCJIOBHAX

<0.

e

0<¢<Ct)+9< ¢, C(t)<Omm C(t) >0

IIOJIOJKEHWE PABHOBECHS Tejla, NPH KOTOpPOM ero LeHTp Tskectu C
HaXO/IUTCS HYXKE TOYKH 3aKPenJeHus, YCTOHYHBO MO YIJIOBBIM CKOPOCTAM
M ABYM yriiaMm, onpegeisiomuym orkiaoHenune OC' oT BepTHKAJIH.

Ha ocroBanuy yTBepkaenus 2 MOKHO HaitTH, 4TO MpPH JI060M 3aKoHe
¢ = C(t), C[t) + g > 0, BepxHee noaoyKeHne paBHOBECHS Teja HeyCTOHYHBO.

3. VYcroituumBOoCT, NOA JAEUCTBMEM T'MPOCKOINUYECKUX M
AuccunaTuBHbix cui. Ilycrs Q* = Q,(t, ¢,q) + Qu(t, ¢, q).

Creaylomuit npuMep NOKAa3BIBAET, YTO B OTJAXYHE OT ABTOHOMHOIO
cayyas (11] geficTere ogHNX IHHEAHBIX THPOCKOMHUYECKUX cul Q, = G(t)g,
G' = -G, detG # 0, He NpUBOANT K ycTOHuMBOCTH ¢ = ¢ = 0.

ITpumep 3.1. PaccMoTpuM MeXaHMYECKYIO CHCTEMY C ABYMS CTEMeHSMH
cBOGO/bI, ONUCHLIBAEMYIO YPABHEHUAMH

I = —p(t)i,
&y = p(t)z,

nTerpupys 9TH ypaBHEHHA, HAXOAUM CJICAYIOMMHA 3aKOH ABHIKEHUS
CHCTEMBI

’

4
z1(t) = z10+ 4} [ cos(q(7, to) + y3)dr
¢ o

L
To(t) = 299 + o) f sin(g(7,to) + yg)d"’

\ to

' L
. SR i u
Y =k “n:?{] + x%ﬂatg yg = _m-_zgaq(ta tU) = /p(T)dT
1

lo



A.C. Andpees. O pansinin CrpykTyphl CHJ Ha Yeroitunpocth 10J0Kenust PABHOBCCHSI ...

13 s3Toro 3axkona ciejyet, uro B 3aBiucumoctn ot hykimu p(l) Hynesoe
nosioxkenue pasHonecnsi cncreMbl (3.1) MoKeT 6LITL KAK YCTOWUHBBIM TAK
H HEYCTONUNBBIM,

Ha ocunoBannm pesynsratoB u3 [4,7] umeer MecTo cieayiomee
YTBEPJICHHE.

Yreepxaeune 3.1. Ilyers wa cucremy (1.1)  geicreyior
PHPOCKOIIHMYECKHE CUMIbI H JUCCUNIATHBHBIE CHJIBI TaKHe, YTO

1,0A(t, q)

27 o

Toraa nmonoxenne pasHoBecust ¢ = ¢ = 0 cucremsr (1.1) paBHOMepHO
aCHMNTOTHYECKH YCTOHYMBO MO ¢.

YrBepxxkaeane 3.2. Ecm B ycnoBusix  yTBEpXKAeHHA 3.2
JMCCHITATHBHBIC CHJIbl SIBJISIOTCS JIMHEHHBIMM 110 ¢

(t,9)d + ¢'Qalt,9,9) < —a(lgll), ans veex (t,q,4) € R* x T.

. ey s ef . l.;aA . *
Qa(t,q,q) = —D(t,q,4)4,4' Dg — 58 5742 Bollgll*, Bo > O,

T0 ¢ = ¢ = 0 3KCNOHEHUHMAILHO YCTONYHMBO 110 ¢ ¥ PABHOMEPHO YCTOWYUBO
1o q.

ITycts Ha cucremy (1.1) melicTBYIOT JMHEHHbIE FTHPOCKONUYECKHE CHIIBI
U JIMHEeHHbIe JAHCCHIIATHBHBIC CUJILI C YaCTHYHON AuccHIIanuelt

Q*(t: q, Q) =5 G(t: q)q - D(tl Q)q: G! = _G: quq S 0: (31)

rae marpuilbl G u D orpaHuYeHbl CO CBOUMH NPOM3BOAHBIMH A0 1 + 1-T0
nopsiaka BKJOYMTEAbHO 10 (t,q) € R x K.

Honoxnm I['(t) = A7'(t,00G(t,0) u cocrapum Marpuny U =
(.UI: U:?; sy Un): Ul(t) = A_l(t:_O)D(ts 0): U?(t) = Ul(t) 5 Ul(t)r(t)u US(t) -
Ua(t) + Ua(t)L(2),..., Un(t) = Up-1(¢) + Up-1T'(2).

Onpeaenenne 3.1. [Tapa marpun (D(t,0),[(t)) crporo Habaionaema,
ecyid pair marpuubl U paBeH n H 9TO ONPEACJACTCS HEKOTOPBIM MHHOPOM
atoit marpuubl A, (t), detA,(t) > Do = const > 0.

Yreepxxaenue 3.3. Ilonoxenne pasnosecust ¢ = ¢ = 0 cucremsr (1.1)
nox, aeiicrBueM cuil (3.1) paBHOMEPHO ACHMITOTHYECKH YCTONYHMBO IO ¢,
eciu napa mMarpui (D(t,0),I'(t)) crporo nabmonaema.

IIpumep 3.2. Ilycrh cMMMETpHYHOE TBEPJOE TEJIO C OChbI0 CHMMETPHH
C'z, Bpamaloieecs BOKPYI' HeIOABHXKHOro ueHrpa macc C, coBepiuaer

nox jgeiicrBueM momenrta M, = M,(t) HecTanuOHapHOe BpalATETBHOE

7



Pyndamenmanvune npobacsv. mamemamuru u smezanuru. Boimyck 2(12), 2002

npuxcenne Bokpyr ocu Oz mno 3akony p = ¢ = 0, 7 = no(t), ro(t) €
). Ucnonpsys yreepxaenue 3.3, MOXKHO NMOKa3aTh, UTO MO JAeHCTBHeM
mMoMenToB M, = —y(t)p, M, = 0 (wm M, = 0,M, = —v(t)q), m €
), 3aJanHOe HecTalEoHapHoe Bpamienne Gyaer rnobaabHO pPaBHOMEDHO

ACMMIITOTHYECCKH YCTOHYHUBO IO P M ¢.
4. YcToiiunBoCcTh o1 JeicTBUEeM MMOTeHLMAJbHBIX,
TMPOCKOIMMYECKUX M JAUCCHITATUBHBLIX CHJI.

IlycTh
= s 4 oIl(t,
Q‘ - QP({" q) Qﬂ(t: q; q) Qd(tIQI q)v Qll(tr Q) %

Anasornuno yreepxaennam 2.1 u 2.4.1 umeeMm ciieayiouinii pe3yJibTar.

YrBepxxaenune 4.1. Ecaun BoinosnHensl yciaoBusi yreepxkaeHust 2.1 u
2.4.1, rorpa nonoxenue pasHoBecHsi § = ¢ = 0 ocraercss paBHOMEPHO
YCTOMYNBBIM NPH JIOOBIX PTHPOCKOMHYECKHX U JAHCCHIATHBHBIX CHJIAX.

Ha ocnoBanun reopem n3 [2,3,5,7] umeem cieayionue pe3yabTaThl.

YrBepxxkaenune 4.2. [lycrs norenmuanbibie 11 AHCCHITATHBHBIE CHJIbI
TaKOBBI, 4TO a4 Beex (1,q,q) € RY X B: X B-

aIl(t, q)

n(t.0) > o), 2 < 0| ZL2 | > ala,
2220 4 0uta.d) < —mWall) (< ~r(aslal):

Toraa nonozxenne pasuosecnst ¢ = ¢ = 0 cucremst (1.1) pasromepno
ACHMIITOTHYECKH YCTONYHBO (dCI—IMl'IIO'IlI‘Ie(,l\ll YCTOH'HBO paBHOMEPHO T10
(90, 90))-

YrBepyxaenue 4.3. Ecim pis nekoroporo ty € RT MHOXECTBO
['=(to) # K2, {g =0} € I (4), a Takxke nust Beex (¢,q) € RT x I (¢)

oIl(t, q) _ o 1,0A(t,q) :
TSU,II'Q,f(f»,q,q) 79 5 ——q < —=7a(t)as(]|q]),

TO noJjioxenue pasnosecust ¢ = q = 0 cucrempl (1.1) neycroiiumnso.
W3 yenosnit yrsepxaenns 4.1 win 4.2 cnenyer, uro I1(t, q) — I(q)
npu t — +o0. Mcnonbsys 1o coornouwenue, uceneiayem ycroifuusocTb

nosioykKenusi papHosecust ¢ = ¢ = 0 nox jelcTBHEM JIMHEMHBIX CHJI C
YaCTHYHOIl ,}ll’lCCllI'li].Lllieﬁ, TAKHX YTO
1 ,0A(L,q) .
q'Qu(t,q,q) - 54 3 4< —m(t)§'Deg <0, (4.1)

8



A.C.Andpees. O pansiiiu CTPYKTYPL CHIT HA YCTOWNUNBOCTL MOA0KCIHSI DABIOBECHSI ...

rae Dy ecTb HEKOTOpasi OCTOSAHHO-IOJIOKHTENbHAST MATPHIA.
Vreepxaeune 4.4, Ilycrs A(t,q) = FE, rupockonuyeckue CHJIbI

OTCYTCTBYIOT, & TOTEHIHAMbHBIE M JUCCUIIATHBHBIE CHJIbI, TAKOBBI, UTO: A5
Beex (t,q,q9) € RT x B. x B,

(@) | > o, (lal),

BpinonHgAercs  coorHomenne (4.1); marpuna (Do, DoPy, ..., DoPyt)
Habmoaaema.

Tornga nomoxkenne  pasHoBecHst cucrembl  (1.1)  paBHOMEpHO
ACUMIITOTHYECKH YCTOHYMBO.

Yreepxaeane 4.5. [lycts noreHupadbHbie W JAUCCHIIATHBHbBIC CHJIBI
TAKOBBI, YTO:
1) ABM>KEHHS CHCTEMbI M3 HEKOTOPOi1 OKPECTHOCTH M0JIOYKEHH ST PAaBHOBECHS
q = ¢ = 0 paBHOMEPHO OrpaHHueHbl Mo ¢
2) nas Beex (t,9,q) € R* x B! X B,

(@) >0 (a#0), |22

ol(t, q) OI1(t, q)
> . £ 0, fl—==2r2 s 1
1(t0) > (i), g2 <0, | Z 0D > anlla'h,
1,04 :
§'Q = 54574 < —m(as(llgl)-
Torga mnonoxenne pasHoBecust ¢ = ¢ = 0 cucremsr (1.1)

ACHMIITOTHYECKH YCTORYMBO 10 ¢ 1 ¢ .
Vreepxkaenne 4.6. Ecom qua (¢, q) € RY x T'{ (¢)

ll(t, q) 1
S22 > aalle'),
q
TO MNP BLINOJHEHHH BCCX OCTAJbHBLIX ycJoBuil  yrsepxkaenus 4.5
nosnoykenne pasuosecuss ¢ = ¢ = 0 cucrempr (1.1) paBHOMEpPHO

ACHMIITOTHYUECKH YCTOMYMBO 110 ¢ 1 ¢ .

[Ipumep 4.1. B npumepe 2.1 ycroitunioe HiKHee MOJIOMKEHHE Tejla Mo
JeficTBHeM JAMCCHNATHBHLIX MOMEHTOB ¢ NOJIHON Jccuiauuell CraHOBUTCs
ACHMIITOTHYECKH ycTORuMBLIM. Bepxuee mosoxenue paBHoBecus Tea Moj
AeficTBHeM JHCCHIATHBHBIX MOMEHTOB TPH yCIIOBUAX Ct)+g >0, ((t) <0
HJTH (( ) > 0 ocraercst HeyCTOHYHBBLIM.

5. VYcroitumocTh 1MOJ JefCTBHEM KBa3MIIOTEHUMAJILHBIX,
PMPOCKOIIMYECKUX M JUCCUTIATHBHBIX CHJIL.

9



@yndasenmanvive npobacsn smamesamuru u smexanunu. Bumyex 2(12), 2002

JeficTBie HeKOTOPBIX CHA NPHBOAMTCA K BuAy () = - P(t, q)M
rae P(t,q) ectb Hekoropasi orpanudennas Marpuua n X n, detP > py >
0, T = TI(¢,q) - cxansipuas ¢yuxuus. Biumsnue Takux cuii, KOTOphIe
MOJKHO HAa3BaTh KBA3HMNOTCHIMAJLHBIMH, HAa YCTOHYHMBOCTBL MMOJIOKEHHUS
paBHOBecusi ¢ = ¢ = 0 uenecoobpa3Ho HccIea0BaTh, He Tpuberas K
PA3J10KEHNTIO HA TOTEHIATbHbIC i HEKOHCEPBATHBHBIE CHJIBI, Kak B [11].

Honycrum, uyro marpuua P~'A sBasiercst  MOJIOXKHTeENbHO-
ONpe/Ie/IeHHOI, a JeliCTBHEe CHJI TaKOe, YTO MMEET MECTO OLEHKA

o7 1.,(. _dA 4P __ .
qP ng-l—qP'lQ +QP_ aq —2—q (P IE—'P dtP IA)(]S

< —m(ar(llgl) (< —r)a(lgl))- (5.1)

Ha ocnoBannu teopewm [2,3,7] MOX<HO yTBep)KAATh, YTO pe3yabTaThl 4.1-
4.3 MMEIOT MEeCTO, eCIM HX BTOpble YCIOBHs NOMEHSITh Ha ycaoBue (5.1), a
OCTaJIbHbIE MPEIIIOJIOKEH S OCTABUTDH 6€3 H3MEHEHMIA.

IIpumep 5.1. B  3amave 06  ycTOMYMBOCTH  HECTALMOHAPHBIX
BpalllaTeILHBIX JBHXKEHHII THPOCKONA B KapJaHOBOM mozasece u3 [11]
JIOTIOJTHUTENILHO NPEANOJ0KHM, YTO PHPOCKOI YCTAHOBJIEH HAa TOABHIKHOM
OCHOBaHNH, COBEPIIAOIIEM BepTHKaJIbHbIe Koaebanus no 3akony ¢ = ((t).
YpaBHeHus gBHKeHus1, onpeaensemsie Qpynkuueii Payca [11]

= %(A + A0 — M(g + ((t))29cos 8 + cé(t) cos B+

1 0 .9 1 12 2 1 12 12
+'2-(A + B])qf) (t) sin” 6 + 501(5 (t) cos” @ — §A2§b (t) == §E

JOMYCKAIOT CyIeCTBOBaHHe 000DIEHHBIX CTALHOHAPHLIX JABHKEHH
: . C s
6=0,0=0,¢==-dt), (5.2)

B KOTODBIX MJIOCKOCTbL BHYTPEHHEH paMKH BEpTHKAJIbHA ¥ COBIAJAET C
IJIOCKOCTBIO BHEWIHEl paMky, a ock Oz poTopa Hanpasjiena BepTHKAIbHO
BBepx. Mcnonbaya yrsepxienue 4.2 ¢ JonosHenueM u3 1.5, MOXHO
II0Ka3aThb, YTO NOJA AeicTBHeM MOMeHTa My = —'y(t)é, IIPH YCJIOBHUAX

0 < dy < d(t) < dy,d(t) = cd(t) — M(g + ()2 + (Cr — A — By)d(t),
d(t) + 29(0)dt) > nt)ym e,

10



A.C. Audpees. O ansiunm CrpyKTYpnl CHIl 1A YCTORUHBOCTY HOJNOKCHUS PABHOBECHA ...

obobmmennoe cranuonapHoe jasuxenue (5.2) paBHOMEPHO aCHMITOTHYECKH
YCTOMYHBO 110 Ono.

6. YCTOMNYMBOCTD IPHU HAJIMYUM HEKOHCEPBATHUBHBIX CHJI.

Yrepxaenue 6.1. [Tonoxenne paBnosecus ¢ = q = 0 noj geiicTeneM
OJHMX HEKOHcepBaTHBHBIX cuil, Q* = Q,(t, q), HeycToluueo.

YrBepxxkaenue 6.2. Ecm Q* = Q4 + @, npM 3TOM JUCCHTATHBHbIE
CHJIBI ABJAIOTCA JmHeHubIMH, Qq = —D(t,q)q, OD/ot > 0, a
HekoHcepBaTuBHble ciibl ||Q-(t, q)|| > a(l|q||) mna (t,q,q) € R* x B: x B..
Torpa nonoxenne papuosecusi § = ¢ = 0 HeycToluueo.

YrBep>xaenue 6.3. [Ipn 0aHOBpeMEHHOM BBINOJIHEHHH YCIOBHH
yTBepKaeHnit 2.2 u 6.2 nonoxxkenusa paBHoBecHs ¢ = ¢ = 0 HeycToON4YHnBO.
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YK 531.36

JIOCTATOYHBIE YCJIOBUS CTABUJIMBUPYEMOCTHU 1
CMUHTE3 HEIIPEPHLIBHBIX CUCTEM C BEKTOPHBIM
VIIPABJIEHUEM?

A.JO. Boraanos

Jannas pa6ora spaserTcss MpojoIKeHHeM W pa3suTHeM crateil aBropa (2,3] u ocnopana
B Goabluctt cpoelt wvactn Ha QyHgaMeHTANbHBIX pe3yibratax paborsi [1]. 3xeck
GyayT ycrawobsiennl obume ycaoBus cTaGHJIN3HPYEMOCTH M OrpaHHYeHHsl Ha BEKTOpHOe
CTaGHIN3NPYIONICE YIPABCHHE JLIsI CHCTCMbI

g=X{t,z,0)=FQi,2)+ Bit,.x)U,zel;t 21 (1)

[Tpy nosyuennyn M310KEHNBIX B CTATLE PE3YJLTATOB HCMOJL3YIOTCA METOABI NpeiesbHbIX
ypaBHennti n npeaensubix dynkunit JIanynosa, HoBoe noustHe HabuI0faeMoCTH nap
marpul (3], a Takke MoOAMUUMPOBAHHBIH ABTOPOM AJIrOPHTM TOC/E10BATENbHONO
onpejeNeHusi KOMIIOHEHT BEKTOPHOrO CTabMJIM3NPYIOLLEro ynpasiaeHus u3 (4).

PaccmorpnmM  ofmyio  3amady omnpeesieHusi  CTAOHIIM3UPYIOLIETo
yOpaB/IeHHs M YCIOBHMH ero cyuecTBoBaHusi 1si cucremsl (1), korza
ynpasiaenue U ectb m-mepHblit Bextrop, z € R", F(-,-) u B(,)
HMMEIOT COOTBETCTBYIOLHE Pa3MEPHOCTH, MCIIOIb3Ysi METOZ IpeaesbHbIX
ypaBHeHHU! n npeaenbHbIX GhyHKuui JIsnynosa.

Beenem onpenenenno-nonoxkurensuyio &dbyHkuuio JlanysoBa Vo=
V(t,z) m BBIYMCIHNM ee IOJNHYIO NPOM3BOAHYIO 1O BPEMEHH B CHIY
ypaBHEeHHH quHaMuKN cucreMsl (1):

: ov\T oV

Bynem npeamonaraTh, 4YTO CYLIECTBYIOT HENpPEPbIBHbIE  YaCTHbIE
Nnpou3BoAHble nepBoro mnopaaxka dynxuun V(t,z) B obmactu ee
onpejeseHus.

Ilorpebyem Takoro Beibopa BekTopa ynpasinenust U = U(t,z), npu
KOTOPOM

Vay =V(t,z,U) < -W(t,z) <0, Vz €T, t>t,, (3)

?Pabora puinonnena npy dhunauconoit nogaepxke POOU (npoekr Ne 02-01-00877).
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A.JO.Bozdaroa. docraTounnie yeaosusi CTaGHAN3HPYEMOCTH H CHIITES ...

rne W(t,z) —  muexkoTopas 3asanHas HeoTpuuaTeNbHAs (PyHKUMS,
yAoBIeTBopsiiomast yeaoBusiM npeaxomnakTHoctn [2]. Iycers {Q(t, z)} —
cemeitcTBO npeaenbHbix GyHkuni aast byukuun W(t, ).

C yuerom (2) nepenuiieM HepaBeHcTBO (3) B BHjIE

-
Bl o, U) = (aa—:) X(t,m,U)+%+W(t,$)§0 (4)

Veellut>t.

Ecnim cymecrByer Takoit BekTop ynpasienuil U, 4ro 6yaeT BbINOJHEHO
ycnoBue (4), ¥ BBITOJHEHO YCJIOBHE COOTBETCTBYyIOwIEH Teopembl [1] 06
aCHMMIITOTHYECKOM YCTOMWYMBOCTH HYJEBOIrO peLIeHHUsI HeylnpaBisgeMoi
CHCTEMBI, TO 3TO BEKTOpHOE ymnpasieHue crabummsupyer cucremy (1).
[Tosromy, uccaeayst dpynkunio B(t,z,U), MOXKHO YCTAHOBUTBL YCJIOBHS
cTabMIIM3UPYEMOCTH 3TOI CHCTEMbI, a TaK)Xe BbIJEIHTH OrDaHUYEHHS,
KOTOPbIM  JOJDKHO  YJOBJIETBOPSITh  CTaOMJIM3UPYIOIIEE  BEKTOPHOE
yIpaBJIeHHE.

Tak e, KaKk ¥ B CJlydyae CKaJsIPHOIO yIpaBJeHusi [2], orpaHudumcs
37eCh PaCCMOTPEHHMEM KJIACCa CHCTEM, JJIsi KOTOPOrO yIpPaBJEHHE BXOIUT
B NpPaBYIO YacThb cucremsl (1)imHeHHO: = aw

#=X({t,z;U) = P{t,z) + B@,z)U , (1)

rae F(t, z) umeer ToT ke cMbIca, uTo U B (2], a B(t,z) — dyHkunoHanbHAasI
MaTpuUa pa3mepHocTH (n X m), yaosnersopsiomas ycjaosusm (12)-(13) u3

[2]. |
[Tocne noacranosku X () n3 (1) B HepaBencTBo (4) mocneanee mpumer
BUJ

T T
Bit,z.U) = (Z—Z) F(t,:z:)—i—(%) B(t,a:)U+%‘{-+W(t,:v)_<_0,

Veelut>t.

Torna, aHAJOTHYHO CJIY4al0 CKaJIsIPHOTO yrpaBjieHHsi (2], uMeeT MecTo
CJIeAyIOIUIA pe3yJIbTar.

Teopema 1. [Ipeanonoxum, 4To
1) B obmactu I' C R" cymecrByior ¢yukuus Jlsnynosa V(t,z) : 0 <

13
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—

w(llz]]) € V(t,z), V(t,a)3 + oo npn z = I, n dynxuus W(t,z) > (

TaKHe, 4To

T
B(t,,0) = (%ﬁ;) Fit,z) + % + Wi(t,z) <0 (5)

{ (%%) TB(t,:n) = 0} : (6)

2) cymecrsyer BexTopHoe ynpasieune U(t,z) € D, yaosierBopsiiomee
COOTHOIIEHHIO

(XY beawz (3) Fam+ G awen, @

YVeelnt>t.

3) nmas  moboit mnpememvuoit k (X(¢,z,U(t,z)),W(t,z)) napn
(®(t,z),Q(t,z)) n coorsercrsytomero muoxecrsa Vo'(t,c) MmHoxecTBo
HeMpOJO/IXKaeMbIX pemenuil cucremsl & = P(t,z), coaeprkamuxca B
muoxxecrse {Vl(t,c) : ¢ = const > 0} N {Q(t,z) = 0} cocrour uz
HyJeBoro pemenns ¢ = 0.

Torma ynpasnenue U(t,z) crabunnsupyer cucremy (1) B I' go
ACUMINITOTHYECCKOH YCTOHYHMBOCTH.

HokazarenbcTBO  TEOpeMbl  AHAJOTMYHO  CJIy4Yal0  CKAJISPHOLO
yIpaBJjIeHHs.

Ha MHO>KeCTBe

3ameyanue 1. Ecin ycnosue 2) Teopembl 1 3aMeHHTD Ha
2’) cymecrsyer BexTopHOe ynpasaenne U(t,z) € D, YZI0BJIETBOPSIIOLLIEe
COOTHOLIEHHIO

ov\" ov\" oV
(2 stz (%) s+ 2 i,

Veelut>t.

Takoe,  YTO  CyNICCTBYeT  XOTa  Obl  oAHa  mpegenbHas K
(X(t,z,U(t,z)),W(t,z)) napa (Po(t,z), (t,z)) c COOTBETCTBYIOILHM
MHOXKecTBOoM Vo!(t,¢) Takas, 4to MuOMKecTBO {Vsi(t,e) : ¢ = const >
0} N {Q0(¢,z) = 0} He comepxur pewenuit cucrempl 4 = Py(t, z). (Takum
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A.JO.Bozdanos. JocraTounbie yeaonus cTabmIn3npyeMocTs H CHITES ...

06pa3omM, BBINOMHEHB! yc1oBHsi Teopembl [1] 06 sKkBHACHMMIITOTHYECKOH
YCTOMYMBOCTH HYJIEBOTO PELIEHHs HEYIPABJISEMO CHCTEMbL.)

Torpa ynpasnesne U(t,z) crabunmsupyer cucremy (1) jmo
ACHMITOTHYECKOHN YCTOWYMBOCTH, PABHOMEPHOH M0 Tg.

Teopema 2. Ecin

1) B obmactn I' C R™ cymectsyior dynkuua JIamynosa V(t,z) : 0 <
wi(z]) € V(t,z) < wylz]),V(t,2)= + 0o npn z — T, u dbynxuus
W (t,z) > 0 Takue, 4To BbINONHEHO HepaBeHCTBO (5) mpu tex z € ' u
t > to, KOTOpBIE YAOBJIETBOPSAIOT BEKTOPHOMY ypaBHeHHIO (6);

2) cymecrByer BekTopHoe ynpasiuenue U(t,z) € D, ynosnersopsioiee
cooTHomrennio  (7) Takoe, wyro A  J000#  mpeaenbHON K
(X(t,z,U(t,x)),W(t,z)) mapsr (®(¢,z),Q(t,z)) MHOXKECTBO perueHuit
cucrembl & = D(t,z), comeprkamuxcs B muoxecrse {Q(t, ) = 0} cocrout
U3 HyneBoro pemenus & = (.

Torga BekropHoe ympasienue U(t,z) crabumusupyer cucremy (1) B
[' no pasHOMepHOH acumnroTHueckolt ycroifuusocru. (Ecinm Gamma =

R™, o cucrema (1) crabunusupyema A0 PaBHOMEPHOIl ACHMIITOTHYECKON
YCTOMYHBOCTH B LIEJIOM. )

Haubonee  CYIIECTBEHHOE OTIHYHE  pACCMATPUBAEMONl  3ajadn
onpefeNesus  BEKTOPHONO  CTAOMJIM3MPYIOLIEr0  YIpPaBJIEHHS  OT
aHAJIOPMYHOH 33JaYd CO CKAJNSPHBIM YIPABJIEHUEM COCTOMT B TOM,
YTO JJIA OTHICKAHUS M KOMIIOHEHT BEKTOP-(bYHKIHH yIPABJIEHHS, HMEETCS
JULIb OfHO CKaNApHOe HepaseHcTso (7).

TaxuMm 06pa3oM, B OTJIMYHE OT CIy4as CKaJSIPHOrO yMpaBJIeHHs, 31eCh
HEOOXOAMM HEKOTOPBIH (POPMAJILHBIN AJFOPHTM HAXOXKJICHHST KOMIOHEHT
BEKTOPHOrO  CTaOM/IM3MPYIOWIEro  yHpaBleHusl,  YAOBJIETBOPSIOLIHX
nepasencrsy (7). B kauyecTse Takoro ajaropurma MoXker ObITb NpeIJIoKeH
METOJ[  IOCJHEJOBATEJILHOrO  ONPEJEJIeHNs  KOMIIOHEHT  BEKTOPHOIO
cTabM/IM3NPYIOUIECro  ynpaBsieHust (4], KOTOpbli B JaHHOM Ciydae
OCYLLECTBJIACTCS CJIEYIONUM 06Pa30oM.

Ob6o3naunm vepes W, muoxecrso ¢ # 0 u t > t;, yIOBIETBOPSAIOMIUX
CHCTeMEe ypaBHEeHHH

v\’ _
(a) Bj(f;,:ﬂ)-_—o, 3=2,3,...,m,
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rne Bj;(t,x) — j-it cronben marpuupr B(t,z). Torma na wmuoxecrse
W) nepBasi KOMIIOHEHTA CTAOMAU3NPYIOUIETO YIIPABIICHUS, T.€. YyIpaBJIeHUe
uy (¢, ¢), onpenenurcss U3 COOTHOLICHHS

uy(t, z)sign(\ (¢, z)) < —m ;

npu A\ (¢, z) # 0, rae B(t, z,0) onpenensiercs u3 (5),

v\’
= | = B $,8).5
nita) = (3r) Bt
a By(-) — nmepsbiit cronben marpuupl B(t,T), npuyeMm 3HAYEHUsT STHX

bYHKIMH BuIYMCAsSIOTC aump Ha MHOoxecrBe Wp. doonpeaenus u(t,z)
IPOM3BOIBHO Ha MHOXecTBe R™ \ Wi, nanpumep, nonoxus uy(z,t) = 0 Ha
3TOM MHOXKECTBe, Wi, eciii Ha MHoxecTe W) ynpasienue u, (t, z) 3ajaHo
KaK aHaJIuTH4eckass (pYHKIHUsI, TO, PACIpPOCTPAHUB ee Ha Bce (a30Boe
IIPOCTPAHCTBO, NOMYyYHM 3HaYeHne U (t, ) Bo BceM pa30BOM NMPOCTPAHCTBE.

Hoacrasus B (7) Haligennoe 3uavenue u,(t,x), onpexenum uz(t, ) Ha
MHOXecTBe Wo 3navenuit £ # 0 u t > iy, yZOBJIETBOPSIOINIUX CHUCTEME
yPaBHEHUIH

av\T ,
(%> B;(t,2)=0, j=3,4,..;m ;

H3 COOTHOILIEHUSA
ﬁ(t: Z, 0) » ’\1 (t} z)ul (t: iL‘)
|A2(t: :B)l }

u2(ta'$)sz-gn()‘2(t:m)) % =

npu Aq(t,z) # 0, roe

As(f, @) = (%—:—)TBg(t,m) ,

a By(+) — Bropoit cronben, maTpuupl B(t, ¢), npudem snavenus: dyHKuui
B(t,z,0), Mi(t ), A2(t, z) Beruncnaiorcs na muoxecrse Wsy. Joonpenenus
u1(t, z) nponssonbHO Ha MuOXectse R™ \ Wy (tax ke, kak mis ui(t, z)),
TI0JTyYuM 3Ha4YeHue u(t, z) Bo BceM (Ha30BOM MPOCTPAHCTBE.

IlopcraBus Haiiaennble 3Havenus u)(t, z) u ug(t, z) B (7), aHanOrMIHBIM
obpazom ompezeaum wu3(t,z), W Tak pganee g0 Tex nop, IOKa He
OyAyT mMOC/IEJOBATENbHO ONPEIENeHbl BCE M KOMIOHEHT BEKTODPHOTO
crabunusupyiowero ynpasienns U(t, z).
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A.}0.Bozdanos. JoctaTounnie yeaoBust cTabuan3npyeMocTi u CHUTES ...

Herpynno  mokaszatb, 4TO  j-fi  KOMIIOHEHTa  BEKTOPHOTO
CcTaONAN3NPYIOEro ynpaBjJeHus 1npH jJ < m ONpejensercs u3
YCJIOBHS BbINOMHEHHA Ha MHOXECTBe WJ- sHadenntt ¢ # 0 u t > fo,
yAOBAETBOPSIONIAX CHCTEMEe YPaBHEHHIA

ov\T

Y'Y B —0. k=i4+1 .. 8

(%) B =0, k=j+1um, ®)

HepaBEHCTBa BHa

(t I, 0) Z ’\k(tax)uk(tlx) (9)
I/\J(t,m)l ’

u;(t, z)sign(A;(t, z)) < —

npu Aj(t,z) # 0.
[Ipu j = m HepasencTBo (9) MOMKHO BBHINOMHATHCS TIPH BeeX £ € ' u
t > tp, KpoMme 3HaueHu#t ¢ U t > {p, yI0BIETBOPAIOIIUX YPABHEHHIO

(%)TBm(t, 2)=0.

Kak m B ciyyae CKajJsIpHOrO YIpaBjieHHsl, INIaBHas TPYAHOCTb IpH
pelIeHNH 3aJa4y CUHTe3a BEKTOPHOIrO CTAOMIIM3MPYIOLIEro YIpPaBJIEHHSA
cocrour B Bbibope dyukuun Jlamynosa. [losTomy mnokaxkem 3mech
BO3MOXKHOCTb MCIOJNb30BaHus GyHKIuKM JIdanyHoBa Buaa ’KBaapaTHYHAS
dopma $Haz30BLIX KOOPAMHAT /15 TIONYYEHHH YCJIOBHIT CTAOUIN3NPYEMOCTH
1 ONpeesentss BEeKTOPHOro CTabHIH3UPYIOWEro ynpasienus [3].

PaccmoTpuM  mpekge  BCero  KJaacC JIMHEHHBIX  HENpPEpPbIBHBIX
HEeCTAI[MOHAPHBIX CHCTEM BHIA

&= A(t)c+ B@)U, z(to) ==, (10)

rne A(t) m B(t) —  orpanuyenHble QYHKIMOHATbHBIE MATPHLBI
COOTBETCTBEHHO pas3mepHocTH (n X n) u (n X m).

Tpumem dyuximio Jlanynosa B suge V(t,z) = 27 P(t)z, a dynxumio
W(t,z) = z7Q(t)z. Torma ycnosuem crabunusupyemoctu cucrembl (10)
Oyner

B(t,z,0) = zT[P(t) + P()A(t) + AT()P(t) + Q(t)]z <0  (11)

pH

zTP(t)B(t) =0 . (12)
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Orciona, aHanOrmyHO CJy4al0 CKaJsipHOrO YIpaBJICHHUS [3], ciejiyer
CleayIomnii pe3yaprar.

Teopema 3. Bexropmoe ynpasrenne U(t,z) = CT()z ¢
D crabnmmsupyer cucremy (10) g0 paBHOMEPHOH aCHMIITOTHUIECKOH
YCTOMYMBOCTH B 1IEJIOM, €CJIH

1) cymecrsyior dpynkunonansHas marpuua C(t) pasmeprocTy (n x m),
NOJIOXKHTE/ILHO ONpejeseHHast TpH Bcex t > ty pyHKIHOHAJIbHAA MATpHUIlA
P(t) = PT(t) pasmeproct (n X n) M 3HAKOMONOXKUTETbHAS TIPH ¢ > t;
dbynkumonansnas matpuua Q(t) = Q7 (t) > 0 pasmeproctu (n X n) Takue,
YTO MATPHIBI

Q(t) = —{P(t) + Pt)[A(t) + B()C (¢)]+
+[A(t) + BO)CT (1) P(1)} > 0,
AQ(t) = Q(t) - Q(t) > 0

HEOTpHLATE/IbHBI AJ1s1 BCcex t > {o;
2) mapa (Q(t), A(t) + B(t)C”(t)) cTporo nabmonaema [3].

Kak BHAHO H3 NOJYYEHHOrO MJist JIMHEHHON CHCTeMBbI pe3yJibTarta,
METOJMKa TOJY4YEeHHs YCJAOBHH CTAOMJIM3UPYEMOCTH U  OrpaHUYeHHH
Ha cTabuausupyiollee yNpaBJeHHe B CIy4ae BEKTOPHOIO YIIPABJIEHHS
aHaJIorM4Ha cKajspHoMmy ciay4aio. Ilpu sTom mepasencrso 3(¢,z,0) < 0
OCTaeTcss TOYHO TeM XKe, a JIMIIb H3MEHSETCs Pa3MEpPHOCTb MHOXKECTBa
3HAYEHHH Z, Ha KOTOPOM OHO IIPOBEPAETCH,— €CJIM PaHbIIE OHO 32,/1aBaJIOCh
CKaJIsIpHbIM paBeHCTBOM (6), TO Temepb OHO ONpe’eNsieTcs: U3 YCJIOBUSI
YAOBIETBOPEHHA BEKTOPHOMY ypaBHenu1o (12). [Tostomy nast nemuueiinbix
CHCTEM C BbIACJEHHOH JHMHEHHONH 4YacThl0 C BEKTOPHBIM YIpPABJICHHEM
YCIOBHSI CTaOMIM3UPYyeMOCTH OyayT HMMETh TOT ke BHUJ, HYTO M B
crydae ckajasgpHoro ynpassenus [3]. Heobxomumo numpb B Tex ciydasx,
TZie MCCIEN0BaHHE NPOBOAHIOCH C MOMOLIBIO (DYHKI(HHU JIsnynosa Buaa
"KBajpaTHdHasn ¢popma hazoBbIx KOOPIMHAT” , 3AMEHHUTD IIPAMOYTOJIBHYIO
marpuiy L pasmepuoctu [n X (n — 1)] Ha NPSAMOYTOIBHYI0 MATPHUILY

o
Inom
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A.JO.Bozdanos. JocraTounsie yeaosus cTabuin3npyeMocT u cunres ..

ONpeAeNsieMy10 U3 yCIOBHS NPHBEIEHHsT CUCTeMbl ypasHennit (12) k Buay
T = Lg%y, vae

ig‘ = ($m+ls Tm+2y +ovy 33::) .

Orpannyenus Ha BEKTOPHOe CTaBMIM3MpYyIOIEe yMpaBJeHHE TaKiKe
OyayT WMeTb BHJ, AHAJOTHYHBIN CIydair CKaJasipHOTO ynpasienus (3],
¢ 3aMeHOlt m-MepHOro BekTopa B Ha Marpuny B pasmepnoctH (n X
™) W CKAJSIDHOIO YNpaBjeHusi u Ha BekTopHoe ynpasienue U. s
onpejeneHus KOMIIOHEHT BEKTOPHOTO CTabHIM3MPYIOLIEro yrpaBieHusa
MOXKHO MCIIOJIb30BaTh METOJ| TOCJICA0BATE]LHOTO HX ONpeeeHusd,
M3JIOXKEHHbII B 00IIeM Bije paHee.

JIMTEPATYPA

[1] Axdpees A.C. O6 acuMITOTHYECKOH yCTOHYMBOCTH M HEYCTOHYHMBOCTH
HYJIEBOTO pellleHnsi HeaBTOHOMHO# cucremsbl // TIMM. 1984. T. 48. Bein.2.
- C. 225-332.

[2] Bozdarnos A.FO. CuHTe3 aCHMNTOTHYECKH YCTOHYHMBBIX HENPEPBIBHBIX
HECTALMOHAPHbIX cyucreM ynpasienust // Yuensie 3amucku Yal'y. Cep.
PdyraamenTaabible pobieMbl MareMaTHKH W MexaHukH. Beim. 1 Towm 8.
- Ynbasosck: ¥Yal'y. 2000. - C. 31-38.

(3] Bozdaroe A.}HO. CunTe3 aCHMNTOTHYECKH YCTOWYMBBIX HENpepbIBHbIX
CHCTEM C BbIJEJEHHON JuHeiiHOi yacThio // Yuensle 3anucku Yal'y. Cep.
PyHaaMeHTaabHble NpobjemMbl MareMaTHKH ¥ MexaHuku. Beim. 2(11) -
Yapsnosek: Yal'y. 2001. - 10 c.

(4] Kynuyesunw B.M., Jlowax M.M. Cunres cucreM aBTOMATHYECKOTO
ynpasjenua ¢ nomompbio pyukuui Jlanynosa. - Mocksa: Hayka, 1977.
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VAK 531.36

OB YCTOMYMBOCTHN OBOBIIIEHHOI'O
CTAIIMOHAPHOT'O JIBUKEHM 1
MASITHUKA TITYJIEPA®

T.A. BoiikoBa

B pabore uccaenyerea 3anaua o6 yeroitunsoerin 06001enibIX CTAIMOHADHBIX JIBHAKCHUH
masithuka lllynepa npn campeix 00IIMX NPEANOSOKEHUAX OTHOCHTEILHO JIBHAKCHHA

I(OD&IGJIS‘!, Ha KOTOPOM YCTaHOBJAEH MadATHHK.

Hdns  ynpasneHuss NOABMXKHBIMM —oObeKkTamMu  4dacTo  Tpebyerca
HalpaBJIeHHe BepTHKaJan. PaccMoTpuM 3a7a4yy MOCTPOEHHUs BEPTHUKAJIN Ha
ABMKymemcst kKopabge. s pewenus s3Toit 3ajayn mpuMeM HjeasbHYIO
MOZEIb 3EeMJIH, MOJ KOTOpoif MOHMMAaeTcs Tesjlo B opMme mapa c
OJIHOPOJIHBIM pacrnpenejenueM Maccol. [Ipeacraeum cebe, uyto 3emus
OKpyKeHa HeBpaalouleics cdepoit paguyca R, u Oyaem paccMaTpuBaTh
IBUXKeHHe Kopabiuid 1o noBepxHOCTH 3Toit cdepnl. C HeBpauiatouencs
cdepoit cBsikem cucremy koopauHar £16€3, uenrp (., KOTOpOi
pacmoyioXKuM B LEHTpe 3eMJM, a OCH HalpaBHM Ha HENOIBHIKHBIE
3Be3/1bl.

IIycte Ha kopabsie yCTAHOBJIEHA HEBO3MYILIAEMasl I'HPOCKOIHYECKas
cucrema (maarHuk Illysepa) [3]. [pmkenus masaTHuka Oyaem H3y4aTh
B cucreme koopaumHaT Onjngng, cBa3aHHOH ¢ BeKTOpoM V abcomoTHOl
CKOpPOCTH KOpablig: oCb mp HaIpaBlieHa II0 CKOpPoCTH V, 0Cb N3 — M0
HOPMAJIA K TIOBEPXHOCTH 3eMJIH,

Byzgem cumraTh, 4TO BeJMYMHA JIHHENHHOH cKopocTH  Kopabid
n3MeHserca no 3axkony V = V/(t), Torma npoexumn py, pe, p3 YIVIOBOIl
CKOPOCTH cHCTeMbl KoopauHar On ngng UMEIOT BH/1

V(t
P = 0: P2 = %1 P3 = p:i(t)'

HpH Hceeaosatnuu YCTOI‘&‘IHBOCTH KOMIIOHEHTbLI p9, p3 IoJaralTcA
H3BECTHbLIMH dDYHKU,HHMH BPEMEHH.

#Pabora BhinonHena npu Qunancopoii nopaepxkke npoekrta YP.04.01.004 nporpamya ” Yuusepcurerst
Pocenn”.
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T.A.Botixoga. O6 ycroitunsocri 06061EeH10ro CTaimonapHuoro JABHKeHHs. ..

OG6Go3HaYNM IJIaBHBLIC OCH MHEPIHH MAsITHHKA, MPOXOASUINE Yepe3 TOUKY
noaseca O, yepes zy, 29, z3. IIpH 9TOM 1osaraeM, 4To OChb 23 MPOXOAUT Yepe3
HEHTP TSXKECTH MasTHHKaA. Torja BekTop nenrpa macc 1 B cucreme ocet z;
umeer koopaunarsl (0,0, —1).

MasTHUK HEBO3MYINAeM, eCii MOMEHTbI MHEPUMHM OTHOCHTEJBHO ocel
Z1, 2o TakoBbl, 4yTOo I; = Iy = mlIR. MoMEeHT MHEpPIUHH OTHOCHUTEJBLHO OCH
z3 obosnauum uvepe3 [3. Ilomoxkenne masitHnka (oceft z;) OTHOCHTENBHO
cucTeMbl KoopauHaT Oningng ONpeaenuM yriaamu ¥p, Yo, 3. Borumnciss
MPOEKIINHU q1, G2, 3 YIVIOBOI CKOPOCTH BCIIOMOTATE/JbLHOIO TPEXIPAHHUKA
Y1, Y2, Y3 HA €ro OCH, HAXOIMM

q1 = pasin; sinyy — pscos vy siny + ¥y cos Py,
g2 = pacos; + p3siny; + o, .
q3 = —p2Siny; cos Yy + p3 cos Py cos Py + P sin Py,

C KOTOPBIMH IIpOEKIHH Wj, W2, W3 yr‘J’lOBOﬁ CKOPOCTH MadTHHKa Ha
BCIiIOMOraTeJibHbIE OCH VY1, Y2, Y3 CBA3aHbI CJIeNYIOIIHMHA COOTHOIIEHHUAMM:

Wi = q1,ws = G, w3 = g3 + Y.

Kuneruyeckas SHEPrudad MaagTHHKa UMeEeT BHI

1 1 1 .
T = §V2 +mV - (px1)+mV . [(w-p)x1]+ 5mlR(qf+q§) + §Ig(q3+¢3)2_

ﬂOHyCTHI\{ YTO B O0CAX MasITHHKA ,IleﬁCTByIOT CHJIbI BA3KOI'O TPEHHII,
cospatomme MmomenT My, = —ki), My, = —kis (k = const > 0). CocraBum
ypaBHeHus JBurkeHHs B popme ypaBHenuii Jlarparka:
1 cosPp — Ynibrsin by + (pa cos Yy + pysin )¢y sin o+
+(p2sin s — p3 cos 1y )2 cos Pp + (P2 sinthy — P3 cos ) sin o+
+i3[(—p2sin 9y + p3 cos ;) cos P2 + P sin Yy + 3] X
X (pa cos 1 + pasinihy + 1) — ,
—(—pa sin )y cos Py + p3 cos Py cos Pa + 1P; siny) X
X (p2 cos ¢y + p3 sin 1/)1 + 1) =
= —papscos ) — (v* — p3) sinehy — ki
P2 + Y1 (—p2siny + p3cosiPy) + p2cosy + pysin P+
+(p2 sin ¥ sin 1y — p3 cos Py sin Py + Py cos P2) X
X (—pa sin ¥y cos Y + p3 cos Py cos Py + 1Py sin o) —
—i3[(—p2sin ¥y + pacos ;) cosya + Py sinthy + P3)x
X (p2 sin 41 sin ¢y — p3 cos ¥y sin 9y + 11 cosPy) =
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Pyrdasernmarviuvie npobacsvl MAMEMANUKU 1 MCTATLIRIL Beinyek 2(12), 2009
Sl

= P COS Yy + Pap3sinyy sin vy + (p§ — v?) cos Py sinthy — kaby;
o (—pasine)y + p3cos ;) cos s + Wy sin g + 1,03] =

; i |9
rjae 13=m, V= \/%

PaccmatpuBaemasi  cucrema  mmeer  060blieHHOE  cTalHOHapHoe
ABHYKEHHE, 0TBeYalollee 3HaYeHHIO INKIHYECKO TOCTOSIHHOM ¢ = (),

P = 0,2 = 0,93 = —ps(t). (1)
CocTaBuM YpaBHEHHs BO3MYLICHHOrO JABHIKEHHsI, /15l TOTO MON0KH)
¥ = T1, %2 = Ta.

PackaaapiBast B psiji 10 CTeNeHsIM T; (PYHKUMH, BXOJALIME B YpPaBHEHHs
ABHJKEHHsl, ¥ OIPAHHYMBASCH 4YJIEHAMH BTOPOTO TIOPSAKA MaJIOCTH,
MONYYUM CJIEAYIONHE YPABHEHUS BO3MYIIEHHOTO JABUKEHUST:

&) + kit — 2psda + (V2 — p3)T1 — Paz2 =0
Ty + 2p3E) + kg + p3zy + (V2 — p3 — p3)zy = 0.

C,H.@JI aeM 3aMeny NnepeMeHHbIX

= /P3T1, Y2 = \/P3T2.

ypaBHeHHﬂ ABHU2KEHMSI B HOBBLIX NEPEMEHHBIX MNpPeaCTaBHM B ManH‘-IHOﬂ

dbopme
( ) 4 B(”‘) +c("“) =0, 2)
Y2 Y2 Y2
rae .
D3
-= -2
B Ps Ps
2p3 k——
p3
. -2_ .
V—gi—k Py 3p3 22P3P3 5
€= 2ps 4]93 )
3 o o
0 V2—p2—p?_k P3 P3— 2P3P3

2
2p 3 4p3
Oynxuuio JIsanyHosa BosbMeMm B BH I

1
V -_— = o y] 1 2 1
9 (yl Y2)C™ ( ) 2yl o §y§
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T.A.Botixosa. O6 yeroitunnoctit 06061EHIOr0 CTANNONAPHOTO JABINDKCHISI...

ITo KPHUTEpHio Cun bBCCTPA, nonayvaem YCNOBHSA onpeaeyieHHo-
MOJIOXKHNTCNTHLHOCTH d’)}’HK I .Hﬂﬂ)’HOBa?

0 < ap < v? — p3(t) — sz ((‘t)) 3p3(t) ;pj(z;a)gt)ﬁa(t)

< a; < 400, (3)

pa(t) | 3p3(t) — 2ps(t)ps(t)
0< Bo < 1V2—p2(t)—pi(t)—k -+
Bo PQ( )= ?3( )— 2ps(t) 4P:23(t)
rIe ag, a1, Bo, B1 — MONOXKHUTEIbHbIE TOCTOSTHHBIE.
Haiinem npon3BoaHyio B ciily cucreMbi (2)

- .. ~ify
V=9)C 1(3{1) —5(311 ¥2) C~ oo ( ) + Y1 + Yoy2 =
' Y2 Y2

- (o) +o(2)-
Y2 Y2
—-(yl go) CT1CC™ (m) + Y191 + Yoy =

— (% y2) C! (B + —CC‘1> (3.“).
2 Y2

Sta NPOM3BOAHAS ONPEAENeHHO-OTPHIATENbHA 1O (Y1, 72), €CM MATPHIA
W(D+D"), tne D = CY'(B+3iCC™'), aBiagercs mnoNIOMKHUTEIBHO-
2 ; 2

OTpE/ICNIeHHOM. DTH yC/IOBHS 3aIIMCHIBAIOTCA B BH/E

0< v < ft) = 2( - p3_(t)) (v2—p§(t) . Pa(t) & 3p3(t) — 2p3(t)ﬁ3(t)) B

S 461 < +00, (4)

ps(t) 2p3(t) 4p3(t)?
L d (ps(t)) 14 3p3(t) — 2ps(t)ps(t)
- i < % "
) ()
P3 .
0 <7 < f(t) (f(t) -2 (‘ - IT(*)) pi(t) — 2?2(*)102(73)) -
—4p3(t)pa(t) < 73 < +oo, (6)
rae Yo, Y1, Y2, Y3 — HOJOXKHTEJIbHbIE KOHCTAHTHI.
MHuoskecTBo, Ha KoTopoM V = 0 ectb muoxectBo {1 = 2 = 0}. Tak
KaK ypaBHEHUs NpeesbHble K (2) HMEeIOT aHAJIOPHYHBIH BHI, TO MHOXECTBO
{91 = 92 = 0} B cuny ycuosuit (3)-(6) He comepKHT pelIEHUH STHUX
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—

npenenbHpix cucrem. Orciopa caeayer, YTO YCIOBHA (3)-(6) ABJIAIOTCH
YCIIOBHSIMI PABHOMEPHOH ACHMITOTHYECKOH yCTOHIHBOCTH 10 1, 93, 1)y,
¥, 0606eHHOrO cTaioRapHoro ABikenns (1) OTHOCHTENbHO jBHKeHHuH,
OTBEYAIONIHX i{esosmymeﬁﬂomy 3HAUYEHMIO IUKJIHYECKOH MOCTOAHHOHK
¢ = 0, B cuny ypaBHeHuil JHHEHHOro NMpuOMKEHHs. DTO HECJOXKHO
MOMYyuNTH Ha ocHoBanuu paborsl [1]. I3 paBHOMEDHO#H acHMIITOTHYECKOH
YCTOWYHBOCTH B CHJIy JIMHEHHOrO NMPHOMIKEHMsI CIEAYeT PaBHOMEpHas
ACHMNTOTHYECKasl YyCTONYHBOCTD B CHJY HEJHMHEHHDLIX ypPaBHEHUH.

Ha ocuopanun paborsl [2] momyuaem, 4ro o6obmeHHoe CTanMoHapHoe
asixenne (1) Gyaer ABAATHCS TAKXKE PABHOMEPHO YCTOHUHBBIM M0 1y, iy,

V1, Yo, Y3.

JINTEPATYPA

1. Augpees A.C. O6 acuMITOTHYECKON YCTORYMBOCTH M HEYCTOM IHBOCTH
HYJIEBOTO pellleHHsi HeaBTOHOMHOM cucrembr // TIMM. 1984. T. 48.
Bem. 2. C. 225-232.

2. Anapees A.C., Pusuro K. 06 ycroitumBoct 0606UIE€HHOTO
cranuonapnoro apmxennst // [IMM. 2002. T. 66. Bein. 3. C. 339-349.

3. Kumnmos [I.M. Nnepumanbuas vapuranus na mope. — M.: Hayxka. 1984.
116 ¢.
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M.B_Adsumpuesa. O0 yeroftinpocTit CTamonapubix Jiokeniil. ..

YK 531.36

OB YCTOMYNBOCTUN CTAIIMOHAPHBIX JIBMKEHUN
MEXAHNYECKOI CUCTEMBI C IIEPEMEHHBIMA
MACCAMMN*

M.B. Imurpuesna

OHPEIIG.YIHIOTCR CTAllHOHAPHLIC ABHXKCHHS MeXaHH4eCKoil cucremsl ¢ nepeMeHHbIMH

MaccaMil, HMelolell uHKInyYecKkne KOOPJAHHATDI. BbIBO,IlﬂTCSI yoioBus HX yC'l‘OI‘:l‘lHBOCTH.

PaccMoTpM  MEXaHHYECKYIO CHCTEMY C [epeMEeHHBIMH MacCaMH
m; = mj(t,q), (j = 1,...,N) Cc HeCTAUHOHAPHBIMH TOJOHOMHBIMHU
CBSI3SIMH, ONMCBHIBAGMYIO 1 0BOBIIEHHBIME HE3ABHCHMBIMH KOOPAMHATAMH
Qs G2,---,Qn, HAXOSAUIYIOCH TMOA JeHCTBHEM IOTEHUHAJBHBIX [PH
sakpemaesHbix Maccax I = II(mf(t,q),t,q), rUpoCKOMMYECKHX U
auccunaTuBHelx cun @ =  Q(f,¢,¢). Ee paBuxenue omucbiBaeTcs
ypaBHeHusiMH [1]

Q?E_WT_‘P_‘_Q_B‘“H (1)

dtd¢ 0Oq dq’
rae ¢ = (q1,...,qn) - OBODLIEHHBIE HE3ABHUCHMbIE KOOpAWHATH, 1 =
%(q')TA(m(t, q).t,q9)q + BT (m(t,q),t,q)4 + C(m(t,q),t,q) - xuHeTHueckas
speprua cucrembl; 11 = II(m(t,q),t,q) - norenyumasbHas SHeprus
npu 3akpermieHHbix Maccax; @ =  Q(t,q,q) - paBHOeiicTBYIOLIAS
TMPOCKOMMYECKHX M AMCCHIATHBHBIX ciil; VU - 0600UIeHHbIE peaKTHBHbIE
CUIBI, OOYCIOB/EHHBIE OTJEJICHHEM I MPHCOGANHEHMEM YAaCTHI[ K
MaTepHANbHBIM TOYKAM, UX JABHXKEHHEM BHYTPH 3THX MaTepHAJIbHBIX
TOYEK; %(E"] 1 a;(q) - NPOU3BOAHBIE MPH 3aKPEIJIEHHBIX MACCaX.
[IpousBoaubie B ypaBHeHHsAX (1) BLIYHCIAIOTCS BHE 3aBHCHMOCTH OT
M3MEHEeHHsl Macc, II09TOMY JJIsl COCTaBJIeHus ypasHenuii (1) MOXKHO micarThb
ypaBHenus Jlarpanka cooTBeTCTBYIOLIEl! 33a4H C NOCTOAHHBIMH MAaCCAMH,
no6aBasgs K AefCTBYIOIHM CHlaM 00001IeHHbIe PEAKTHBHbIE CHJIbI.

JlomycTuM, 4YTO KMHETHYECKasl SHEPTHs NpeJCTaBUMa B BUJIE:

T

T = (@) i+ g() Axi + 5(6)74s2) + @) B+ 9 Ba+ C, ()

4Pabora BbinoaHeHa npH (uHanconoit noauepxcke nporpammbt " Yunsepcurersi Poccun” (npoekr
Ne YP.04.01.004).
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g = (Qh q2,... :Qm)Tu o= (Qm-!—] y @m+2y - - :qn)s
Ay = A(t,q,m(t,q)) ecTb MOMOXKHUTENbHO-ONPEJICICHHAS MaTpHI

PasMEPHOCTH m X M, K03(bDHUIMEHT g 3aBHCHT TOJBKO OT H3MEHIONxcy
Macc Togek cuctemsl, ¢ = g(my(t, q)), koacbdunuenTsr MaTpu Ay u A op

TaKHX MacC He 3aBUCHT;
B, u By ectb marpuupl-cToabus pasmeprHocreit m X 1 m (n — m) x |

COOTBETCTBeHHO, mpuuyem KoadduumenTsl B OT M3MEHSIOLMXCA Mace

TOYEeK CHCTeMBbl He 3aBHUCHT.

Onpezgenuym, 4TO A1A TaKoi CHCTEMbI KOOPAHHATBI Gmil; Gm4d, ... ,q,
SIBIAIOTCS NUKJIHYECKHMH, €CJIH MacChl TOYEK m; = mj(t, q), (j =
1,...,N), ku"ernyeckass ¥ NMOTEHUHAIbHas dHepruu cucrembl T u [I or
KOODAHMHAT Grm+1, int2y - - - s §n HE 3ABHUCSIT,

°my 0°T 0O°Il 0
8z Oz 0z '
[Tepeitnem k nepemennbiM Payca q,¢,z u p, p = (Pm+1, - - -, pn)T COTJIaCHO
3aMeHe z Ha p no ¢opmye
oT . )
55 = 9(A2d + Az + Bs) = p, (3)

T.0. p = Ayq + Asz + Bs.
Paspemas nocneanne COOTHOIEHNsT OTHOCHTENBHO 2 (UTO MOYKHO CaenaTs
Bcerja, Tak Kak det As(t,q) # 0), mony4um BblpakeHue 2 yepes p

i = A7 (p - By — Ayg). o

Onpeaennm dynkuuio Payca R no ¢opmysne

Rm,t0.4.0) = (T 11~ &%) o

0z

2= A;'(p — By — Axg)
H MIPEJCTABUM ee, YYUTbIBas pasioxkenue (2) B Bue

R:R2+R1+Rg; (6)

L.
Ry = 2(9)" (A1 - gA7 A7 A)q,
Ry = (9(p - By)" A7 Ay + BT,

= —]I g(m) .
RO (tl m, Q) + C(m: t: Q) - _—‘2—(? - B?)TAS l(p - BQ)
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M.B. Imumpuesa. O6 ycrofiunBocTH CTAUNOHAPHBIX ABHXKelHit...

IpeanonoxkuM, YTo 06OGIIEHHBIE THPOCKOMUYECKHE CHJBI  IIO
xoopauHaram 2z orcyterBywor, Q% = ¥? = (0. Torza cucrema (1) gomyckaer
(n—m) WMKAMYECKNX HHTETPAJIOB P = CONSt WIH Prns1 = Cmily - - - Pn = Cn

[Tony4yaem ypaBHeHust ABIKeHUs1 cucteMsl (1) B Buge

d° (0Ry\ 0°Ry O°Ro, vp. i, g1 &
(3d) dqg  0q +Grg+Q +¥" - at(9A2A3 (c—By)+By), (7)

3°R|
p P =.¢ = const
e BXOASIIME B YPABHEHNE BEJHYHHBI ONMPEIEISIOTCS COOTHOIIEHUSIMHU:

i=—

=AY (p-By—Ay), GT=-G

2Ry = (4)7S24, S»= A1 —gATAF'4;, GT = -Gy,

Q' u ¥! - paBROACHCTBYIONIIHUE JUCCHTIATHBHLIX ¥ THPOCKOTHYECKHX CHJI,
PEaKTHBHBIE CHJIbI OTHECEHHBIE K KOOPAMHATAM 1, 2, - - - , G-

Homnycrum, 9To mpn mo0bIX 3HAYEHHsIX M, yAoBAeTBOpsiommuux 0 <
mj; < mj(t,q) <mjo (j=1,2,...,N), npuc =co u ¢ =q =0 nmeer
MECTO COOTHOILIEHHUE

6°R0(t: m,q, C)
dq

+ Ql(thlq) o — - (8)
q:OJC:CU |q O’C CO
ao

T (9A2A3 (c=By) + B))

0.

I

g=0,c=¢

Torpa cucrema umeer ” 060011eHHOE” CTAllMIOHAPHOE JBHXKEHHE, B KOTOPOM
NO3ULMOHKBIE cKopocTH 1 KoopauHatsl ¢(t) = 0, ¢(t) = 0, a uukiInyeckue
CKOPOCTH ¥ KOOPAMHATEI ONPEACHSIOTCS CJ1eYIOUMMI BbIPasKeHHsIMH

z= él}(t) = A:Il(t,o)(co - B?(ts 0))! (9)

20(t) = 20(0) + [ o(r)dr = 2(0) + [ A7(r,0)(co — Ba(r, 0))dr
0

Jonyctum, 4ro BbimonHeHsl coorHowenus (8). Ilpm srom cBsasm,
HAJIOXKCHHBIE HA CHCTEMY, H JAeliCTBYIOIHE CHJIbl TAKOBbI, YTO

6°R0

+Q' - (QAzAs (¢c=Bg)+ B1) =

27



Qyndasmenmaavuse npobaesn smamesamuru w mezanuri. Boimyex 2(12), 2009

—

o°W(t,m,q,c ;
__OWtmaie) sy oy (10)
dq
rne W (t,m,q,c) ecrb HekoTopasi cKalsipHasi (PyHKUHA, a Q”(t,q’q')
npeacTasaser coboil COBOKYMHOCTh HEKOTOPBIX CHIL.

Teopema 1. Ilpeamomoxkum, 4TO:
1) HajnOKEHHbIE Ha CHCTEMY PEOHOMHbBIC TOJIOHOMHBIE CBA3UM

ﬂeﬁCTB}’IOIILHC CHJIbI TaKOBbLI, YTO IIPH HEKOTOPOM 3Ha'I€HHH ¢ = Cy

BemonHensl (8), (10);

2) dbynkuust W(t, m, g, c) NONOKHUTEILHO-ONPEENEHHA 110 ¢ TIPH ¢ =
M TakoBa, uTO M1s Bcex t € RT m manwix ||g|| mpm 3navenun ¢ = C
YAOBJICTBOPSIET HEPABEHCTBAM

T
o OW
aW<O, L m <0, 0 < | = const;
at — am
3) ans moboro mamoro € > 0 maitgerca 6 = &8(g) > 0 Takoe, uto

|0°W/0q|| > mnsic=comBeex {q:||]g|| =€} ut e R,
4) cupt Q3 u ! TaKkoBbI, YTO BLINOMHSAETCS COOTHOIICHHUE:

T
~@ 520+ (52) et @7+ (874 < ~ha(ldl) <O
Torpa ”obobuienHoe” crauMoHapHOE ABHIXKEHHE PABHOMEPHO YCTOHYHBO,
PaBHOMEPHO aCHUMITOTHYECKH YCTOHYHUBO OTHOCUTEJILHO JBHYKEeHHIl, BAOMb
KOTOPBIX p = ¢y (yC/IOBHAsA aCHMITOTHYECKAs yCTONUHBOCTD).
JonycTiM, 4TO CBA3M, HAOXKEHHbIE HA CHCTEMY, 1 JCHCTBYIOLLHE CILIb

TAKOBBI, YTO BBIMOJNHEHO (8), a Takke

PRy, O
5 793

{97145 (¢~ By) + By) = ()

d°Wy(m, q, )
= —p(t,m,q,c) Ugg 4.9 + Q%(t,q,49),

rae  coorBercTBeHHO p(t,m,q,¢) ecTb cKanspHbI KO3 uLHEnT,
a Wy(m,q,c) ecrb mnexoropas cxanspuasi (yHKUHs, KpOMe TOM0
npearoJiaraeM, 4T0 BbINOJIHCHBI ce/lyiomue ycjioBust

a’) Wﬂ(m: 0: C): 633/0

OrpaHuyeHa, yaoBneTBopser ycnopuio Jlunumna no g;

= 0 npu ¢ = 0 n ana Beex c¢; Benuunna 9°Wo/dg
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6) p(t,m,q,c) € C' no (t,q) u ansai seex t € R*, g€ {ge€ R" : |j¢|| £ 90 >
0}; {c: |||l £ e1,e1 > 0} BBIMONHEHBI COOTHOMIEHHS

9°p(t,m,q,c)
dq

0 < po < p(t,m,q,c) < py; < 19 = const.

TEOPEMA 2. Ilpeanonoxunm, 4To:

1) HaNOXKEHHBIE HA CHCTEMY CBSI3H H JCHCTBYIONUIME CHIIbI TAKOBBI, YTO MPH
snavennsx ¢ € {c: ||c| < e1,¢1 > 0} Boimonnenst (8) u (11);

2-3) ana Bcex-t € R, mambix ||g|| u 3uavennsx ¢ € {|c]| < ¢ > 0

ynkuusa Wy(t, g, ) yA0BNETBOPSACT YCIOBHSAM, AHATOTHIHBIM YCIOBHAM 2)
- 3) Teopemsi 1.

4) cumbt Q@ u Wl TakoBbl, YTO BHINOIHSIETCS COOTHOLICHHE:

E .Ta°S2. i 3°p 3}9 T. AT o »

T
- ((%) m+ (@) + (LIJ‘)T@) > k.

P

Torga NOAMHOMXECTBO CTALHOHAPHBIX JBIDKEeHNMI co 3navennsmu {c : |c|| <
¢; > 0} paBHOMEPHO ACHMITOTHYECKH YCTOHYHBO MO § M ¢ OTHOCHTENBHO
JBHKEHMIt, BAOIb KOTOPBIX 3HAYEHHs LMKJIHYCCKUX MOCTOSHHBIX ¢ € {c :
lell < 1 > 0}.

Jloka3aTenbCTBO TeopeM 1, 2 cieayer u3 pesyabraToB paGot [2-3).

JINTEPATYPA

1. Hosocenos B.C. Ananuruveckas MexaunkKa CHCTEM C NePeMEeHHbIMH
maccamu. J1.: Usg-so JIT'Y, 1969. 240 c.

2. Pymanues B.B. O6 ycroiiumBocTH CTalMOHAPHBIX JBHXKEHHIl
cnyrrukos. M.: Uzn-80 BIL AH CCCP. 1967. 276 c.

3. Augpees A.C. O6 acuMnToTHYECKOH YCTORUMBOCTH H HEYCTOUHBOCTH
HeaBTOHOMHOM CHCTeMbI OTHOCHTEILHO YacTu nepemennbix // TIMM. 1984.

T.48. Brin.5. C.707-712.

29




Pyndasenmaavunie npobiacsee mamesmamuru u smexanuxi. Burnyck 2(12), 2y

—

VIK 517.929

3HAKOIIOCTOSHHBIE ®YHKIIMOHAJIBI JISATIYHOBA B
3AJIAYE OB YCTOMYMNBOCTHU
O®YHKIIMOHAJIBHO-/ MO PEPEHIINAJIBHBIX
VPABHEHUI C KOHEYHBIM 3AIIA3/IbIBAHUEM’

C.B. IlaBaukos

O6ocHoBbIBacTCs nmpHMeHelHe 3HAKOMOCTOSHHBIX  yHKIoHa0B Jlanynosa g
pemernn 3aaui 06 ycroitunBocTi hynkunonanbno-AudhepeHIHATBHBIX YpasHenu ¢

KOHC'MHDBIM 3anas/iblBaHHeM.

1. Ilycrs R = ]-00,+00[ ectb Aeficreuresnbhas ock, R = [0, +o]
R" ecTb peiicTBUTENbHOE JHHEHHOE IPOCTPAHCTBO N-BEKTOPOB & C HOPMOH
|z, h > 0 - mexoropoe aeiicreurenbHoe uucio, Ciap — OGanaxoso
NPOCTPAHCTBO HenpepsiBHbIX yHKuUMt ¢ : [a, B] — R™ ¢ HopMmoit ||p| =
sup ([@(s),a < s<B), 1 = {¢ € Clupgy : |lell < H}, nns nenpepuisiof
dbynkumun z : |-00,+00[ = R" u kaxcaoro t € R dbyuxuus z, € Cpyy
onpezensercs paseHcTBoM , (s) = (t + s) mas —h < s < 0, nog ()
6yaeM IOHMUMATH MPABOCTOPOHHIOW MPOM3BOAHYIO.

Paccmorpum  dyskuuonanbo-guddepennanbioe  ypaBHeHne ¢
KOHEYHBIM 3a1a3/bIBAHHECM:

t=f(t,z),  f(t,0)=0 (11)

rae f : R* x Cy — R", nenpepuiBroe 0ToGparkcHue, Y 10BJIeTBOPSIONIEe
YCIOBHSAM CYLIECTBOBAHUA, €JHHCTBEHHOCTH ¥ HEIPEPbIBHON 3aBHCHMOCTH
OT HayaJbHBIX ycnoBuit pewenuii (1.1).

Homycrum, uro dynxuma f = f(t,¢) ymosnerBopsier ciemyiou
PETIOJIOMKEHUAM.

IIpeanonoxenue 1 [lns kaxoro uncna r, 0 < r < H, CyI1[eCTBYeT
M = M(r), Taxoe, uro ana (t,¢) € Rt x C, BbInONHACTCS HEpaBEHCTBO:

[f(t,0)| < M (1.2)

SPabora epinonnena npu UHANCOBOI nogaepxkke POOU (rpant N 00-15-96150, Ne 02-01-06162,
N 02-01-00877).
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C.B.Ilasaukos. 3naxonocrosinnbie dynkiponais JIsnynosa B 3aa4ue 06 ycrofunsocty...

JIemma 1.1. [1] TTycrs Beimonusiercs npeanonoxenue 1, u z = z(t, o, ¢)
ectb pewrenue (1.1), onpexenennoe must awoboro ¢t > « — h u Takoe, 4TO
lz(t, o, )| < 7 < H npu Bcex t > a — h. Torma cemeitctso pyHKIHE
{zi(a, ) : t > a} npeaxoMnaxTHO B 7

IIpeanonoxxenne 2. /Ing Ka)kjoro KOMMIaKTHOrO MHoXecTBa C g
byukmms f = f(t,¢) orpannuena n paBHOMEPHO HenpepbiBHa 10 (t, ) €
R* x K, 1.e. pist moboro C g umeercss m = m(K) u jyist IpOU3BOJIBLHOTO
mastoro € > 0 Haiigercs § = 6(g, K) > 0, Takoe, uro ajs aobeix (¢,¢) €
R*xK; (t1,1), (t2,02) € R* XK : [ta—t1| < 0,1, 2 € K : |[p2—p1]| <6,
BBINIOJTHSIIOTCH HEPABEHCTBA:

Ifto)l <m,  [f(ta,00) = f(tr, 1)l <€ (1.3)

[Ipu srom ypashenne (1.1) 6yler HpPeAKOMNAKTHBIM B HEKOTOPOM
npocrpadcree F menpepuiBubix dyukuuii f @ RY x ' — R*, rge I'—
HEKOTOpOe MHOXKeCTBO B A, coaepxaiuee MHOXKecTBO {Z:(a, ), 0 € At >
a+ h} [1].

Oyuxuus f* 0 RY x I' — R" nasbiBaerca npepenbHolt K f, eciu
CYLIECTBYeT MOC/IEI0BATeIbHOCTb b, — +00, Takas uro {f"(t,p) =
f(ta+t,)} cxomures x f*(t,¢) B F. 3ambikanue cemeiicrsa {f™ : 7 € R™}
B F naswiBaercs obomoukoit S*(f). Ypasuenue

&(t) = f*(t, ) (1.4)

HasbpiBaercs npegeabueiM K (1.1).

Bzaumoceszp  pemtennit  ypaBuenmit (1.1) u (1.4) omnpeznensiercs
ce/iyIoleil TeopeMoii.

Teopema 1.1 Ilycrs dyuxuus f*: R x ' = R" ecrb npegensuas x f
B I OTHOCHTE/IBbHO TIOCIEA0BATENBHOCTH b, — +00, a M0CJIeI0BATEIbHOCTH
{a, € R*} u {p, € '} rakossl, yr0 oy, = @ € R*, ¢, = ¢ € T npu
n — oo. Torma, eciu ¢ = z(t, t, +ay, ©,) ecrsb pelrenus ypasuennst (1.1), a
z*(t, a, ) ecTb pewenne ypasrenus &(t) = f*(t, x;), onpesenennoe st €
[a = h, B[, To nocnegoBarenbrHocTh GYHKIMH 2 (t, +1t, iy + i, Pn) CXOAUTCS
K z*(t, @, p) paBHOMepHO 10 t € [@ — h, ] Aa kaxzoro v < 3.

Jlannoe nocTpoenue npeaebHbIX cucTeM i TeopeMa 1.1 6p11u nosydyensl
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B [1].

2. Ilepeitmem x wuccaeaoBaHHIO YCTOHYHBOCTH M ACHMIITOTH'ICCKOH
ycTolunBocTH Hysesoro pemelus (1.1) ¢ MOMOMIBIO 3HAKOMOCTOAHHEIX
byHkunonanos Jlanynosa co 3HAKOMOCTOSIHHON mnpou3BojHoM. Beejey
CIICAYIOUINE OTIPeIeIeHNs.

Onpeaenenne 2.1. Pemenne z = 0 yCTONUMBO OTHOCHTENLHO
muoxxectea A C I' pasnomepuo no {&(t) = f*(t,2,)}, ecnin gna mo6oro
e > 0 u moboro a € R moxno ykazats § = d(g,a) > 0 Taxoe, uro
3 ¢ € A({|l¢]] < &} cnenyer ||z}(a, )|l < € mas kaxgoro peruenus
z*(t, a, ) moboro ypasnenns z(t) = f*(t,z,) npu Bcex t > a.

Onpenenenune 2.2. Pemenue £ = 0 HasbiBaeTCsi acCHMITOTHYECKH
YCTOMUMBBIM OTHOCHTENLHO MHOXKectBa A C I’ paBnomepno mo {z(t) =
f*(t,z)}, ecan ono ycroitumso orHOCHTEAbHO A paBHOMepHO T0 {Z(t) =
f*(t,2)} m gna xaxaoro a € R cymecrsyer A = A(a), Takoe, 4To u3
v € AN{ll¢ll < A} cneayer, uro pewenue z*(t, @, ) Kaxa0ro ypapHeHus
(4) crpemurcs k 0 npu t — oo, Te. z*(t, a, ) = 0,t = oo.

Onpeaenenne 2.3. MmuoxectBo A CcOmepKHUT  peuleHus,

aCHMOTOTHYECKH ycroifumeble paBHOMepHo mo {z(t) = f*(¢,z,)},
ecnn pemiedde ¢ 9= (0 acCHMOTOTHYECKM YCTOMYMBO OTHOCHTENLHO
mHOXKecTBa A paBHomepno no {z(t) = f*(t,z;)}, u, kpome Toro,

zi(a,¢) € A, Yo € At € R,

Oynkunonanom JlanyHoBa Ha30BeM CKAJISPHYIO — HEMPEPBLIBHYIO
bynxuuio V 1 RT x Cy — R. O6osnaunm yepe3 w;(u) menpepbIBible,
CTPOro MOHOTOHHO Bo3pacrawomue gynkuun w; : RY — R w(0) = 0.

Iycts z = z(t, @, ) - nekoropoe pewenue (1.1), onpenenennoe ans
Bcex t > a — h. Baonb sroro pewenus dynkuumonan V [IpeJICTABJIAET
coboii HenpepbiBHyI0 pynkumio spemenu V(t) = V (¢, z4(«, ¢)). das sroi
byHKIMK ONPeAETHM BePXHIOI0 IPABOCTOPOHHIOIN TTPOU3BOIIYIO:

dv — V(t+ At) — V(1)

——— = hm +
dt (11 B30 At

Onpenenenve 2.4. Jlna menpepwisroro dymxumonana V(t, ) n
HEKOTOPOro 4ucia ¢ € R onpeaenum V‘l(oo,c) — {(p € Cy : Jp, €
Cu,tn 20: ¢, — ®, V(tn,npn) —=cn— -{—oo}.

Teopema 2.1. Ilpexnonoxunm, yro:
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1) cymecrsyer nenpepoisisit pynkumonan V @ RY x Cyp — R, raxo#,
YTO:

V(t,¢) > 0,V(t,0)=0,V(t,¢) <0, (t,0) € R* x C;

2) pemenne x = 0 acMMOTOTHYCCKH YCTOHYMBO OTHOCHTEIBHO
muoxkecrBa Ag = V1(00,0) pasnomepro no {&(t) = f*(t,,)};

Torpa pemenne z = 0 ypasuenus (2.1) ycroiiuuso no Jlanymosy.

doka3zarenbCcTBO.

IIpeamonoxkum, 9ro nonoxkenue pasuopecnst ¢ = 0 ypasuenus (2.1)
HeycroitunBo. Torga npu HekoropoMm € : 0 < €9 < H waiigerca MOMEHT
a > 0 nocnepoBarenbuoctb {@y : ||¢n|| = 0,m — o0}, Takne, uro A
pewennit (1.1) z™(t) = z(t, a, pn) BepHO:

[z, (e, en)ll = €0 (2.1)

npu HekoTopoM t = t,. U3 epuncreennoctu ¢ = 0 caenyer, yro t, — +00.
MoxHo cuurath, uto |[z"(t)| < €9 s t € [, ty).

U3 ycnosus V(¢,0) = 0 cnegyer, yro cywecrByor udncia O, — 0,
takue, 4r0 V (o, ) < Ap. B cuny V(t,¢) < 0 nonyuaem, uro:

V(t,zi (o, on) < Apyt > (2.2)

Onpenemum &y = 6(F) u3 ycnosusa 2) reopemsl. Ilonoxum 6 = ‘5—2‘1.
OueBMaHO, YTO CYLIECTBYET MOCIEA0BATENbHOCTD tg) = tn(d)) = +o00,n =
00, TaKasl, 4ToO ||a:f”)[| = 6, :cg") - xtg;(a, ¢n) ¥ TIPH ) <t < t,

BLINNOJIHSIETCS .
81 < Ilefll < eo (+)

[To nemme 1.1 cemeiicrBo QyHKuumit {wf")(a, ¢n)} UPEAKOMNAKTHO B
C,, TO3TOMY CYIIECTBYET IOJIIOCICAOBATENLHOCTL ( 6€3 orpaHutIeHus

1
OOIIHOCTH NMPHUMEM, YTO OHa COBNaJAET C tf; }) H PyHKUHA (1), TAKHE, YTO

xE") — @q), tae |leq)l = 61. Ilpu arom, B cuny (2.2) u ycnosusi ans

npou3BogHoH V mmeeM: V(t,(ql),a:(n)g(a,gan)) — 0 npu n — 00 ¥ 3HAYAT
pa) € V"](OOIO).

Kpome Toro, cymecrsyer noanocienosareibHocts ( 6e3 orpanuyeHust
OBIIHOCTH pHMEM, YTO OHa coBNajaer ¢ ty') takas, uro f(t + t, ) =
f(’l}(t, ). ITo Teopeme 1.1 momy4aem, yro z"(t +t£,1), @, pn) = 2*(t,0,¢x),
rae z*(t,0, (1)) ecTb pemenue ypasuenns &(t) = f("‘l)(t,:c;).
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e —————

Ho Toraa no onpeaenennio qucia d; uyeem, 4To |z*(¢,0,01))| < 2.t>0
n |z*(t,0, 1) = 0,t = +00. Obosnaunm: Ty, = t, — ' Pacemorpuy
z* = z*(T,,0,9)). Ecm T, < T < 400 azs moboro n = 1,2..., Torpa
nosy4aem, yto cymecrsyer Tp, TaKoe, 4TO Tp, = @e,. Ecmn T, — +og,
roraa B cuay (*) ana xaxaoro T = const > 0 |2*(T,0,¢1y)| = 6; > 0. U
TO W IpyToe CBOHCTBO NpOTHBOPeYHT Bbibopy 4. Takum obpazom nosyaey
YCTOI4HBOCTL Hysesoro pemenus (1.1).

Teopema gokazana.

Teopema 2.2. Ilpeanosoxkum, 4YTO MAOMOJHUTENBHO K YCIOBHAM
reopembl 1.2.1 Bemonnsercs: V(t, ) < w(||¢|l), Troraa pewenune z = (
(1.1) paBHOMEPHO yCTOYHBO.

Beeaem ciieayioniee onpeaeeHue.

Onpenenenne 2.5. [1] Ilyers t, — 400 ecTb HEKOTOpas
nocienoBarenbHocTh. Jas kaxkmoro t € R w ¢ € R onpeaenum
muoxkecTBo V5! (t,c) C Cy caenyromum obpasom: Touka ¢ € V(¢ ¢) ecmn
CYLIECTBYeT mocienoBarenbHocts {@, € I, — @} takas, uro:
limy 400 V(E + ta, on) =cC. _

HonycTum, 4To AJ1s1 TPOM3BOAHOM V' MMeeT MeCTo ciie/yIolas OleHKa:

-

V(t,p) < -W(tp) <0,Y(t,p) € R x A.

Honycrum, uyro venpepniBHasas dynkuna W = W (¢, ¢) orpanudena u
PaBHOMEPHO HeNpepbiBHA Ha Kax<oM MHOKecTBe RT x K, K — koMmmakr
u3 C H-

IIpeanonoxum, yro dynxkumonan V(t,¢) orpanuueH um paBHOMEPHO
HenpepbiBeH Ha KaxaoMm MHOKectBe RY X K, rie K C C'y ecTh KOMMIAKTHOE
MHO>KECTBO.

[Ipumem, uro (f*, V*, W*) ecrb npegenbias COBOKYNHOCTD, eCiu i
W?*  sasnaiorca npepenbibiMu K f, VW ans ommoit um Toit ke
nocneaoBaTeNnbHoCT! ¢,  —  +o0o. Ilpu 3sToM MHOXKecTBO V!(t,C)
coorsercrayiomee (f*, V*, W*) ects {(t,¢) : V*(t,¢) = c}.

Teopema 2.3. [Ipeanonoxum, yro:

1) cyuiecTByer HenpepbiBHBIK dbynxmmonan V : RY x Cy - R

OrpaHM4eHHbIH ¥ PABHOMEDPHO HeNpephIBHbIN Ha KaXX oM MHo»ecTBe R X
K, rae K C Cpy ecTb KOMIAKT, U TakoH, 4To:

0 <V(t,9) < w(llell), V£, 0) = 0
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C.B.I 3 by Ianynosa B 3aa4e 06 ycrofi i

Vi (t, ) < -W(t,9) <0, (t,¢) € R* x Cy;

2) muoxectBo Ag = V7!(o0,0) comepxur u3 pemenuit Kaxjoro
npeaeabHoro ypasuenns z(t) = f*(t,z;) TomBKO TE, KOTOpHIE
ACHMMTOTHYECKH yCTOH4MBbI paBHomepHo 1o {&(t) = f*(t,z,)}.

3) xaxpjas mnpeaembHas cosokynHocrs (f*,V* W*) rakoBa, uTO
muoxectBo {V*(t,¢) = ¢ > 0} {W*(t,) = 0} ue comepxur peuennit
ypaBHenus ¢ = f*(t, ;).

Torpa pewenue (1.1) z = 0 paBHOMEPHO ACUMITOTHYECKH YCTOUYHBO.

IIpumep 2.1

PaccmorpuM cicremy:

i‘]( = —.Tl ( f):‘c t . i S)fl t :Bl(t %+ S))ds ¢ 2) = $1(t - h)
&a(t) = 1(t)z2(t) f2(t) — 23(2)

(0 < r(t) < h = const)

Honycrum, uro &ynkuusa fi(¢, 1) sBAsercs OrpaHHYEHHON U
HenpepbiBHO# dynkuuei no (t, ¢1); f(t, 1) > 0, npuuem f(t, ) — 0,t =
+00 paBHOMepHO N0 ) € Cy, dynxkuus fo(t) aBisieTcss orpaHuYeHHON U
PaBHOMEPHO HenpepbIBHON (pyHKUHMedt 1o t.

YpaBHeHus, npejeibibie K (2.3) UMeoT BHA;

21(t) = —2z1(t) — 1(t — h)
{ zo(t) = f3(t)z1(t)z2(t) — 2i(t), (2.4)

(2.3)

Tonoxum:
0
V(t, 1) = ¢i(0) + f’ p3(s)ds

Jast npoussoguoit V(t, gol) HAXOAMM:

V(t, o1, 02) = —23(0 f“ 03(5) fa(t, p1(s))ds + 2) — 201(0)1(=h) +

©3(0) — pi(—h) < —2¢7(0) < 0.
W(t,e) = 2(,01() Muoxectso {W*(t,p) = 0} = {¢1(0) = 0}.
Vi(t, ) = 93(0) + fgol s)ds. MuoxectBo Ag = V~(00,0) = {¢; = 0}.

-h

Ha Ay cucrema (2.4) npuHEMaeT BHA:
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E9(t) = —x3(1).

OueBnano, uro pemenne 1 = 9 = 0 npejesbHolt cucrembr (2.4
acHMNTOTHYeCKH ycToiunso orHocutensHo Ag. Muoxkecrso {V*(1,p) <
c>0}N{W*(t,p) =0} =0.

Takum o6pa3oM BBINONHEHBI BCe YCIOBHs TeopeMmbl 2.3, 3iauyr,
HyJ1eBoe peluenne ) = ry = 0 cucremsl (2.3) paBHOMEPHO ACHMIITOTH eCKy
YCTOHYMBO.

Teopema 2.4. [Ipeanonoxum, 4To:

1) cymecTByer HenpepbiBHbIH dynkuuonan V : RY x Cy — R, Takoi,
YTO:

0<V(t,e) <w(el),V(t0)=0
V(t,p) < -W(t, @) <0,(ty) € R* x Cg;

2) muoxecTBO W ~!(00, 0) comepsxuT 13 pelenuit Kask10ro mpeaesibHoro
ypaBHenusa z(t) = f*(t,z;) TOJBKO Te, KOTOpBbIE ACUMIITOTHYECKH
yCToityuBbl paBHOMepHO 110 {Z(t) = f*(¢, )}

Torna peruenne z = 0 ypaBuenus (1.1) paBHOMEPHO ACHMIITOTHYECKH
ycToityuBo no JIanyHoy.

Joka3zarenbCcTBO.

Joxa>xeM BHa4asle pABHOMEDHYIO YCTOWYUBOCTD HYI€BOTO PELIeHUs T =
0.

IIpeanomnoxum, 4To nosnoxenne papHosecust ¢ = 0 ypasuenus (1.1) e
SIBJISIETCS paBHOMEPHO ycroiuusbiM. Toraa npu Hekoropom g : 0 < gg < H
HaiayTca nociaeposaTeabHOCTH {@, > 0}, {¢n @ [|@n]| = 0,n — oo}, u
{7} raxue, yro nna pewennit (1.1) z"(t) = z(t, an, v,) BepHO:

125, +7,, (@, €n) || = €0 (*)

U3 epuncrsennocty z = 0 cnemyer, uro o, + T, — +00. MoxHO
cuuTaTh, 4To |2"(t)| < €0 MNA t € [,y + T).

B cusy mononHurenbHOro yciaoBus V(t,p) < w(|lell) monyuaem, uro
cywecTByioT yucaa A, — 0, Takue, yro Vias os) < w(|len]) < An. B
cuny V (¢, ) <0 noayyaem, yro:

V(t: le(an:‘»‘on)) < Byt > Qp (**)
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Onpememum & = 6(%) n3 ycnosus 2) reopembt. Ilonoxum §; = %ﬁ.
CymuiecTByeT nocie0BaTelbHOCTD 1) = ta(61) = +oo,n — 00, > 0

byHKINA ©(1), f(*l) Takue, 4To :c:’gl,m = way, 01 < ||lze|| L g mnat €

1
[tY) + an, T + ), tze [lo|| = 6.
Kpome Toro, cymecTsyeT moamocaegoBaTeabHocTh ( 6e3 orpaHuveHus

OOIIHOCTH TpPHMEM, YTO OHA COBIAJAET C ts)) takad, uro f(t + tﬁf) +

Qp, ) = f("n(t, ). I1o Teopeme 1.1 nmosnyyaem, 4To m“(t+t$11)+an, a, pn) =
z*(t,0,(1)), rae &*(¢,0, ¢q)) ects pewenne ypasuenus (t) = fi (¢, z1).
Paccmorpum:
1
‘/(tgl) + %+ anamtg}+t+on(an:99n)) - V(tgtl) + O, mtg}_‘_a“(am@n)) <

t
- [Wis+ ) + an, 2, 0, (G @a))ds < 0.

B cuny (*+) momywaem, uro {z}(0,¢()),t € R*} C W~!(c0,0).
[IpoBoasi paccykJeHusi, aHAJIOTMYHbIE PACCYXKJIEHUSIM B JOKA3aTebCTBE
Teopembl 2.1, nonyvaem npoTuBopeyne ycuoBus 2) co ().

Jlokarxem Tenepb PABHOMEPHYIO ACHMITOTHYECKYIO YCTOHYMBOCTH
Hysneoro pemennsa z = 0 ypasaenus (1.1).

Iycrs Cp = {p : |l¢ll € 7 < H} nexnr B obracT paBHOMEpPHOI
yerofunsocTy. ITokasxem, uto C, COEPKUTCA B OBJACTH PABHOMEPHOTO
nputskenns ¢ = 0 gust (1.1).

[Ipeanono)kuM HPOTHBHOE, a HMEHHO, 4TO Ui HEKOTOPOro &y >
0, npom3BonbHOH nocaepoBaresbHocTH T  — 400  CYLIECTBYeT
nocaeaoBaTe/ILHoCTh (), @) € RY X C,, Takasi, YTO AJIsl PelleHni T =
z(t, ok, i) BBHITOIHACTCA:

||$ak+Tk(ak? (Pk)” = €p.

Onpeaenum yucno &y = 0(5) u3 cpolicrBa paBHOMEPHOIT YCTONIHBOCTH
nynesoro pemenns (1.1) z = 0. Torpa pna seex oy <t < ay + T Gynem
MMETh:

[[z¢(cuk, i) || > do.

Monoxum {¢Yp = zp, : B = o + 1.}} Buayur ana pemennit (1.1)

z = z(t + Sk, Qk, Px) BHINOIHAETCS:

@245, (e, i) || > 61 (2.5)
st Beex 0 < t < Ty/2.

37



Pyndasermanviusie npobaesu smamesmamury u mezanure. Bomyck 2(12), 2002

Be3 orpannyenus obmHOCTH, MOXXHO CUHTATH, YTO Ve — P, k= 4o,

[Io Teopeme 1.1 mnocieaoBaTENbHOCTD (B + t, Bk, Yr) cxommrey
pasiomepno no ¢ € [0,7] x pewennio y = y(¢,0,%) ypasuenus j(t) =
(¢, z).

Toraa B cuny (2.5) nmeem:

%0, %)l = do (26)

ans seex t > 0.
Baoab pewenus ¢ = z(t + B, B, Yr) Ansa T > 0 umeem:

V(B + 7, 28,47 (Br, ¥x)) =V (Bx, 5, (Br, ¥x))

T

< = Of W (Br + s, 2g,+s(Bx, ¥r))ds < 0.
3HayuT Has dobsix 7 > 0, B noayvaem:
0 < [W(Bk + s, 2,458k ¥r))ds < m = const.
0

Ycrpemass k — oo moayvaeM:

0< [ W(s,ul0,9))ds < m (2.).
0

(o9}

Crnenosarensro [ W*(s,ys(0,v))ds cxonures u gnst kasxcmoro 7 > 0:
0

L+T T

limt—}+oc f W*(S, ys(O; ’J)))ds ~ ]-imt—roo f W*(t + S, yHS(O, 't,f,'))ds =1.

t—1
BosbmeM NpOM3BONBHYIO NOCIEA0BATENBHOCTD t, — I+oo. bBes
OrpaHMyeHus OOUIHOCTH, MOXKHO CYHMTATH, YTO Xt + ty,p) -
o), Wrta+t,0) = W*(t,0), a y(ti +1,0,1) cxoaures pasHoMepHO
mo t € [-T,7T) x z(¢0,%*), rue z(t,0,9*) ectb perenue ypaBHEHHS
y(t) = f*(ty), ¥* = limy, 0y, B cuny (2.6) mas kaxmoro t € R
IOJIyYaeM:
12:(0,%%)]| > o > 0 (28)
13 (2.7) umeem:

0< [ W*(s,2(0,9*)ds = lim,_,, J Wt + $, Ys+t,(0,%))ds = 0.

CnenoBaTensHo st Kaxaoro t € R - W*(t, 20, Y*) = 0. Yunrpias

(2.8) MBI NPUXOAMM K IPOTHBOPEUHIO C yCI0BUeM 2) TeopeMsl.
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Teopema noxasaHa.

Teopema 2.5. [Ipeamonoxum, 4ro:

1) cymecTyer HenpepbiBubiit pynkuuonan V : R x Cy — R, V(t,0) =
0 Takoit, uTo Haitaerca dynkumus [ knacca Xawa, Takas, uro f(s) > s u
BEPHO

wi(le(0)]) <V (t, )

ans rakux t € RY n @, uro |l¢|| < H u maxy_j ) |@(s)| < B(l(0)]), a
TaKXe

V(t, ) < wllell)

ans seex (t,¢) € RT x Cy;

2) \3"“_1)(15,(,0) < -Wi(t,p) <0 gnat € RT u ¢ takux, uro ||¢|| < H u
V(t,p) > 0;

3) anst kaxx o npeaeabuoit napsl (f*, W*) muoxecrso {W*(t, ) = 0}
HE COJEPXKHT pelleHuii ypasuenns &(t) = f*(t, ), xpome HyJ€BOrO.

Torzaa pewenne (1.1) £ = 0 paBHOMEPHO ACHMIITOTHYECKH YCTOHYHBO.

Teopembr 2.1-2.5 ecTb passuTue u obobienne pesyasTaTos pabot [1-6].
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YIK 517.929

O CTABMJIN3ALINN VHPABJ'IHEMI:;IX“
MEXAHNYECKNUX CUCTEM OBPATHOMU
CBSA3BIO C 3AITA3/IbLIBAHUEM®

C.B. IlaBiaukos

Ob6ocHoBaHno NpHMEHEeHHe 3HAKOMNOCTOAHHBIX d)YHKU.HOHMOB HﬂnyHOBa B PEUICHHH

3azauyn o0 crabuausauun ynpas.memoﬁ CHCTEeMbl C 3anasjblBaHHeM 110 BCEM H 4YacTH

NnepeMeHHbIX.

1. PaccmarpuBaercss ynpaBisiemMasi CHCTEMa, JABHXKEHHE KOTOPOi

ONHCHIBACTCS byHKUHOHATBHO- T} EPEHIMATBHBIM ypaBHEHHeM
3ana3JpIBaONIero THIA:

2(t) = f(t, 21,u), (1.1)
rae r; € Cq,z(t) € R u = u(t,z;) € Uu(t,00 = 0, roe u

ecTh ynpasJsiomee BoszeificTsie, U — HEKOTOPBIH Kjacc JOMYyCTHMBIX

ynpasaennit; f(t,z,u) (f(¢,0,0) = 0) ects HenmpepbIBHOE 0TOOpaKeHHe,

yaosnerBopsomee B A = R x Cy ycinoBusM CyLIeCTBOBAHHS H

eaMHCTBeHHOCTH pemrennif (1.1) (mpunsiteie oGo3nayenus cu. B [1]).
Omnpenenenue 1.1. VYnpasnsaiomee Bosxeiictue u = u'(t, z;)
Ha3bIBAETCA CTaOHIN3UPYIOLHM, ecsn OHO obecreunBaer
ACHMIITOTHYECKYIO yCTOHYHBOCTH HYJNEBOrO pemenus ¥ = 0 ypaBHeHus
(1:1).
Beenem mna mexoroporo u’(t,z;) € U npennonoxenie, aHaioruaHoe
NPEeAMNOJIOXKEHHAM MNPEJAKOMIAKTHOCTH M3 (2], M NOCTpPOMM ceMmeiicTBo

npeseIbHBIX YPaBHEHHI:
{2(t) = fo(t,z)}, (1.2)

rae fU‘(t: xt) o 1imt,.—)+00 f[ti'l + tl xi]l f[t, 1’;] = f(t: Ly, uo(tl CL'())
[locraBnennyio 3amady o crabuiM3aLMi ABIKEHHH YIIPABJISEMBIX
CHCTEM C 3ana3AblBAaHMEM PpelMM Ha OCHOBE METOJA IpeHesbHBIX

®PaGota bimonnena npy ¢unancosoii noguepxke PODH (rpant N 00-15-96150, Ne 02-01-06162,
M 02-01-00877).
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ypaBHeHHit ¢  ucrmoan3oBaHueM  ¢yHKUMOHaNla  JlanyHoBa  co
3HAKOINOCTOAHHONM MPOU3BOHOIN.

2. Wcnone3ys Teopembl 06 acMMOTOTHYECKOH ycroifunBocTH u3 [2,3]
MOXXHO IOJIYYUTh CJIEAYIONHE TEOPEMBDI.

Teopema 2.1. Tlpeamonoxkum, 4YTO CYWECTBYIOT (DYHKLIHMOHAI
Jlsnynosa V(t,) : R* x Cy — R* u ynpasnenue u’(t,z;) € U,
TAKHE, YTO BLINOJIHAIOTCSA yCIOBHSI:

1) wi(le(0)]) < V(t, ), V(t, @) < =W (t,p) <0V(tp) € R* x Cy;

2) ans kaxxpoit npeaenbuoit mapwel (f5, W*) m muoxecrsa Vg !(t,c)
muoxkectBo {V (¢, ¢c) : ¢ = const > 0} ({W*(t,¢) = 0} me coaepxkur
pewenuit ypasaennst &(t) = f; (¢, ), kpome Hynesoro z = 0.

Torna u°(t, z;) ecTb cTrabunusupyiolee ynpasaeHue.

Teopema 2.2. [Ipeanono>xum, 4yro:

1) BeImONHsAETCHA ycioBue 1) Teopemsl 2.1;

2) A Ka)Kaoro 3HavyeHuss ¢y > 0 CyLEeCTBYIOT NpeiesibHas mnapa
(f3, W*) ¢ muoxecrBom V(¢ c), Takue, uro muoxkecrso {V (¢, ¢) : ¢ =
Co > 0} N
{W*(t, ) = 0} He comepxkur pewenuil ypasuenus z(t) = fi(t, z;).

Torpa u’(t, z;) ecTh crabumm3supyomee ynpasiaenue. [Ipu 9ToMm penrenne
z = 0 ypaBuenus (1.1) aCHMIOTOTHYECKH YCTOHYHBO PABHOMEPHO IO .

Teopema 2.3. IlpeanosokuMm, YTO CYUECTBYIOT OYHKIMOHAI
Jlanynosa V (t,¢) : R* x Cy — R* u ynpasnenme u'(t,z;) € U,
TaKHe, YTO BBIMIOJIHAIOTCA YCIOBUSI:

1) 01(l9(0))) < V(L) < walllel), Vit,0) < ~W(t,0) < 0 V(t, o) €
RYx CH;

2) ns mobo#t npeaensuoit napst (fg, W*) muoxecrso {W*(t, ) = 0}
He colepXKuT pelunenuii ypasuenus (t) = f§(t, z;), kpome nynesoro z = 0.

Torpma u(t, z;) ectn crabuiusupyiomee ynpassenue. [Ipu aToMm peurerne
z = 0 ypasuenus (1.1) paBHOMEPHO ACHMITOTHYECKH YCTOHYHBO.

Teopema 2.4. Ilpeanonoxum, 4YTO CYWECTBYIOT (DYHKIHOHA
Jlanynosa V(t,p) : R* x Cy — R* n ynpasnenne u’(t,z;) € U,
TaKue, YTO BBITIOJIHAIOTCS YCIOBHSL:

1)

0 < V(t, o) S w(llell), V(t,0) =0

V(t, @) < —W(t,9) <0,(tp) € RT x Cy;
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2) muokecrBo W~1(00,0) coaep>XnuT U3 peleHnit KaxK0ro 1npe;jiejLHOro
ypaBHenus #(t) = fj(t,&;) TOIBKO Te, KOTOpbIE ACHMIITOTHYECKH
ycroiiunsbl pasHomepno no {z(t) = f3(¢, )}

Torna u’(t, z;) ects cTabuansupyioiee ynpasienue. [Ipu 3ToM perretue
z = 0 ypaBHenus (1.1) paBHOMEPHO ACHMITOTHYECKH YCTOHYHBO.

3. Paccmorpum ypaBrenne (1.1) ¢ mpaBoif 4acThio OnpejeseHHON Ha

R*xAxU,rme A= C,(;"} x CP);
a(t) = (y(2), 2(2)) = f(t, 2o, u) (3.1)

MoxxHo BBecTH cieayloliee ONpefAeseHne  Y—CTabHUIN3UPYIOIIEro
yTpaBJeHNUs, Pa3BUBAIOLIee COOTBETCTBYIOLIEEe onpe/ienenne u3 [4].

Omnpeaenenue 3.1. VYnpasasiomee Bo3zgeificTBHEe U = uo(t,:cg)
Ha3bIBACTCSI Y-CTaOHIIN3UDY IOLIHM, ecsIu OHO obecrieunBaer
aCUMIITOTHYECKYIO Y-yCTOHYMBOCTb HyJieBOro pemtenusi £ = 0 ypasHeHHus
(2.3).

Hcnone3ysi pedyabrarsl pabor [2,5], MOXXHO MOJYyYHTb CJeLYIOLIHe
TEOpPEMbI.

Teopema 3.1. IIpeanonoxxum, 4To cymecTByeT pyHkunonas JIsnynosa
V(t,p)-+ R* x-A — R* u ynpasneune u’(t,z;) € U, rakue, 9TO
BBIIIOJIHAIOTCA YCJIOBHS:

1) cymecrByer okpecrHocTs N Touku ¢ = 0, M3 KOTOpOIf pelieHus
ypaBHenus (3.1) orpanuyensl 1o z;

2)

V(tr 0) =0, V(t: ‘10) 2 wl(lga(y)(U)]), V(t: 90) < _W(t! (p) <0

ausi Bcex t € R, p € —é:n) X C'éf),

3) ana xaxcpoit mpemenbnoit maper (fg, W*) ¢ muoxkecTBOM Vit e),
muoxkectBo {Vg'(t,c) : ¢ = const > 0} {W~(t,¢) = 0} me comepsur
pewennit ypasuenus z(t) = fg(t, z1), xpome z(t) = (y(t), z(t)), raxux, uro
y(t) =0.

Torpa u°(t, Z;) eCTh Y-CcTabH/IM3UPYIOLIEe YIIPaBJICHHE.

Teopema 3.2. IIpeanonoxum, 4ro:

1) BeimonHsIOTCs yenosust 1) u 2) Teopemer 3.1;

2) cymecrsyior npeienshas napa (fg, W*) ¢ muoxecrsom V(¢ c),
TaKHe, 4YTO JJId Ka)KJA0ro 3Ha4yeHus ¢y > 0 MHOXKecTBO {Vogl(t,c) s C =
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cog = const > 0} ({W*(t,¢) = 0} He comepxuT peltennii ypaBHeHns
£(1) = 3 (t, ).

Torna u'(t, z;) ecTh y-cTabuausnpyrouee ynpapaeHue, [(pu 3TOM HMEET
MECTO aCHMNTOTHYECKAs Y-YCTOHYHMBOCTh PaBHOMEpHAsI 110 .

Teopema 3.3. [Ipeanonoxxum, yro cyuiecTByeT yukuunonan JIanyHoea
V(t,¢) : R* x A = R* u ynpasnenne u’(t,z,) € U, Takue, uro
BBINOTHSAIOTCS] YCIOBHS:

1) cymecrByer okpectHocts N Touknm ¢ = 0, U3 KOTOPOH peleHHsA
ypaBHenus (3.1) paBHOMEPHO OrpaHHYEHBI 110 Z;

2) dyuxuuonan V' gBasiercs  OrpaHHYEHHBLIM W PABHOMEPHO

HenmpepbLIBHLIM Ha Kaxkiaom MHOXectBe R™ x K, rme K C A ects
KOMIIAKT, M TaKoii, YTO:

wi(lew) (0)]) < V(E ) < wllell), V(£ 0) =0,
V(l.l)(tstp) s _W(t:(p) < 0? (ts(ro) € R" x A;

3) kaxzas npejeiabHas coBokynHocts (fg,V*, W*) rakosa, uro
mHOXKecTBO {V*(t,0) = ¢ > 0} ({W*(t,) = 0} nHe comepKuT perueHuit
ypaBHenna & = fi(t, zy).

Toraa u’(t, z;) ecTb y-cTabUIM3MpYIOIIEe yIpaBIeHHe. IPH STOM HMEeT
MECTO PaBHOMEPHasi ACUMIITOTHYECKAS Y-yCTONIMBOCTb.

AHaNorMyHO moNyyaloTcst Teopembl O crabuiansaumu (3.1) merogom
3HAKONOCTOSIHHBIX (PYHKLMIA.

[Ipumep 3.1. PaccmoTpuM ynpapisiemMyl0o MEXaHHYECKYIO CHCTEMY C
OHOHM cTeneHbio cBODOADI:

#(t) = u (3.2)

Onpepnenum ynpasienue Buga: u = fi(t)+cz(t—r(t)), obecneunsatouee
crabunuzannio nonoxenus ¢ = ¢ = 0.

HO,H.CT&B.HHH U NMMeeM ypaBHEHHe:
0
£(8) + f(8) + ca(t) + ¢ [ (8 8] ds=0 (3.3)
—r(t)

Mo)kHo mnonyuuTs, 4T0o npu ycinoBuum f > hug,po > ¢, roe
¢, f ecrtb mnocroausuble, ynpasiaenue u = fz(t) + cx(t — r(t)) ecrb
crabunusupyioiiee ynpasieHune, NPH 3TOM HyJeBoe pemeHne (3.2)
PaBHOMEPHO aCMMIITOTHYECKH YCTOWYHBO.
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[Tpumep 3.2. PaccMOTpHM TOJIOHOMHYIO MEXaHHYECKYIO CHCTEMY (o

CTALIMOHAPHBIMHM CBSI3IMH M N 0BOBLICHHBIMH KOODAHHATAMHU (1, ..., G,
ONHCHIBAEMYIO ypaBHeHMAMHU Jlarpamrka:
d (0T oT
9¢:)  Oqi
roe T = § 3 " a;j(q)d:ig; ecThb KHHETHYECKAs] SHEPTHSA CHCTEMBbL.
mn
a) ompezeNMM ympaBieHHe u; B BUAE: U; = — ) i Ci;q;i(t — 1i;(t)) ~

D i1 fij4(t), rae dbynkumn ri;(t) apusorcst orpammyennbvu: 0 < 13 <
h, u paBHOMepHO HenpepbiBHbIMK npu t € R*, Tak 4TOOBI IMoOs0OXKEHHe
paBHOBecus T = = 0 cucrems! (3.4) 61710 pABHOMEPHO ACHMIITOTHIECKH
YCTOMYHUBBIM.
[Ipenenpuas x (3.4) cucrema ¥MMeeT aHAJIOPHYHBIH BUA;
0

%(ZZ ZZ: X_:cu(qg(t)- / Gi(t+s)ds) = > fisgi(t) (35)
-r3;(2) j=1

IIpeanonaraewm, uro || f|], [|c/| - nonoxkurensro onpenenentsie MaTpup,
4 — MHHEMaJIbHOE cObCTBeHHOe 3Havenne marpuust || f||, npu srom:
L
o = max ¢;j| < ~—
i, i hn
Bosbmem dynxumonan JlsanyHosa B Buge:

" 1V
V(t g, q)= 521} aij(9)dig; + 3 E;; 16995 + 55 2h f f P ij= 1 fijgi(t +

) -h s
u)g;(t + u)duds.

Hecnoxxno Buuern, w4ro om ONPECJICHHO-TIOJIOXKHTENICH, JIOIYCKAET
HECKOHEeYHO MaJIbli BBLICIINH npeJedt.

Jns npoussomuoit V TOJIyYyaeM:

V(tdna) < = T35, fi(0)d;(t) + f =1 1cijllgi(t)]14;(t + s)|ds+
+31 f 2ij=1 fis (G4 (0)= Gi(t + 8)d;(t + 5))ds =

0
__f-}; zJ =1 2hQ1(t QJ t) Z” 1|C13”q1( )qu(t+s I+Zzg 1 2hq3(t+3)

q.?(t + 3) dS &= f Zr‘l 2h (q: + q?(t b = 3)) = 22;‘:1 |Cij|Qi(t)“
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0
gj(t +s)|ds < — [ 3371 (& — con)(g2(t) + ¢Z(t + s))ds < 0.
—h
TTonoXxum

Wt q(t+s),4(t+s) = — fo L3 (8 = con)(G2(t) + 7 (t + s))ds.

-h

Torpa muoxectBo {W*(¢, q(t + s),q(t + s) = 0} = {g = 0}.

IToncraBnsem 3Havenne ¢ = 0 B ypaBHeHue (3.5) moaydaem, dYTO
mHoxkecTBO {W*(t, g(t+5),¢(t+s) = 0} He comep>KUT peLIeHUit ypaBHEHHA
(3.5), kpome ¢ = q = 0.

Vcnosne3ys Teopemy 2.3 moyuaeM, 4To yNnpaBieHue u; = — ) ., Cij
g;(t — ri5(t)) — X-7—; fijg;(t) Taxoe, uro Hysnesoe pemenue (2.6) ¢ =g =0
PaBHOMEPHO ACHMMIITOTHYECKH YCTOWYHBO.

6) PaccmorpuM 3amady o crabmiin3aniu IOJIOXKEHHsS] PABHOBECHSI § =
g = 0 cucremsl (3.4) O CKOPOCTSAM §, ..., §n ¥ KOOPAHHATAM ¢, ..., ¢m (M <
n) B NPENOIOXKEHHH, YTO KOOPAHUHATHI i1, ---y §n — YIVIOBBIE (mod27). B
9TOM Cllyyae yIpaBJIeHHE U MOXKHO OIPEJeJUTh B BHIE:

ui = — 3 s g (t — 1i(t)) — 2o5-0 fiidi(t),
rae dyuxn i (t) aBasiores orpanmdensbimu: 0 < 73; < h, 1 paBHOMEpPHO
HenpepbIBHLIMU 1ipu t € RY,

O6o3uaunMm (qy, ..., qm) = q*.

[Ipegennuas k (3.4) cucrema umeer BHA
d aT m 0
— & t+ s)ds) — t) (3.6
dt(8q1 8% Z i (a5 (¢ f g5 th:r%( ) )
=15;(t)
[Ipeanonaraem, uro || f||, ||c|| — nosoxnrensno onpejenennbie MaTPHILL,
[t — MHUHHMaJIbHOE coberBenHoe 3Hadenne Marpuusl || f||, npu sTom

1

Co = max|cu| < — -

BosbpmeMm dynkumonal Hﬂnyﬁosa B BHJE:

V=T + % Z:?T} 1Gij9i4; & 2}; f f Z! J= lfi.?q.? t+ 'U.)q:(t ¥ u)duds

_.13

Hecnomno BHJIETH, YTO JJIs IPOU3BOIHOM 1% MOJIyYaeM:

V<- { Yoy (B — con) (g3 (t) + ¢F(t + s))ds < 0.
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[Tono»<um

Wt q(t+s),4(t+s) = — {Z, (B — S (g(t) + GF(t + s))ds.

Toraa muoxecrso {W*(t,q(t + s),4(t +s) = 0} = {¢ = 0}.

Muoxecrso {V*(t,p) = ¢ = const > 0} = {¢ =
const, ..., ¢ = const}.

Muoxcecto {V*(t,p) = ¢ = const > 0} {{W*(t,q(t + 5),q4(t + 5) =
0} = {¢ = 0,4 = const > 0,....,¢m = const > 0} ne cojepxkur
pemennit ypasuennsi (3.6). Ilo Teopeme 3.2. momy4aem, 4YTO U €CThb y-
crabuansupyIolee ynpasienue 1is ypasuenus (3.4), tae y = (4, ¢'), npu
3TOM HyjeBoe perrenne (3.4) ¢ = ¢ = 0 paBHOMEPHO ACHMITOTHYECKH Y-
YCTOMYNBO.

[Tpumep 3.3. 3agaua o crabuan3anuu OAHOOCHOH OPHUEHTALIMU TBEPIOr0
Tesa MpPH MOMOIIM YIPaBJSIIOLX MOMEHTOB.

PaccmarpnBaercss TBepjoe Tel0, HMEeOIIero HemnoJBHKHY0 Touky O.
ITycrs OXY Z - unepumanbHas cucrema koopaunart, Ozyz — cucrema
KOOP/IMHAT, »KECTKO CBsI3aHHAs C TBEPABIM TEJIOM, %) — YTOJI IPELECCHH,
@ — yros HyTaluH, ¢ — yroja cobcTBeHHOro BpaleHus. [|BrxeHue Taxoro
TeJla MOXKHO ONHMCATh B yryax Ditnepa ypaBHenusMu Jlarpamxa:

const,q; =

407, _or
dt'\oy’ "oy
d oT, 0T
d—t(gg—) = _8? = Uy (37)
401, or_
dt oo’ Op e

T = %(A(v,bsinﬁsintp B écoscp)2 + B('t/}sinﬁcosgo — fsin tp)2 + C(p+

P cos 6)?).

[l = —asinpcosf, a > 0.

Onpenenum ynpasBieHus iy, Ug, U, TAKUM 06pa3oM, 4To6bI 06ecreduTh
crabunuzanpio ocu Oz Baonb ocu OZ, Te. B ciydae p = 3,0 = 2
YrnpaBiieHUsI BO3bMEM B BHJIE:

Uy = 0

ug = —knb — kipth + asinp(t — r1(t)) cos(0(t — r4(t))

Up = —k210 — kapt) + acos p(t — ry(t)) sin(0(t — ro(t)).
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¢||ij — MONMOXKNTENBLHO OTIPEAC/ICHHASI MATPUIA; fL — MUHUMAJLHOE
cobcTBeHHOe 3HaveHHe 3Toi Marpuipl 7i(t) SABAAOTCS paBHOMEPHO

HenpepbiBHbIMI yHkunamu npu t € RY npuatom: 0 < r;(¢) < h = const.

[Tpeanonokum, uTo BHIMONHACTCH: @ < a5

[Ipegenpubie k (3.7) ypaBHEHHs MMEIOT aHATOTMYHBIR BHI:

4(Z)-2Z -
dt \ov)) 0y

d (0T oT
= (%) = 35 = ~knf — ki) + asing(t — ri(t)) cos(6(t — 3(t)) (3.8)

d (0T oT : : -
= (—é-(;) B0 —k210 — koot + acos p(t — r1(t)) sin(B(t — ra(t))

Pacemorpum dbyHKumonaN Hﬂnyﬁosa

V=T+a(l-singpsinb) + 2hff (b8t + u) + 2k120(t + w)6(t + u) +

koo (t + u))duds. e

YuuTniBaem, 4To:

sin(got(t —  7(t))cos(8(t — 7o(t))) t = sinpcosf +
sin o f()sm9( 7)8(7)dT) — cos(f — ra(t))( f{ cos (1) (7)dT).

cos(apz(t — 7m(t))sin(0(t - 7(¢) )l — cospsinf —

t

cosp( [ cos 0(7)8(7)dr) + sin(8 — r4(t))( f sin p(7)@(7)dT).
1—ra(1) t—r(t)
Torpa a5 npou3BOAHON DYHKIHMOHAIIA HAXOANUM:
0

V < — [(& —2[al((6%(t) + 62(t + s) + @(t)* + @2(t + s)ds < 0.
—h
0 ; ’
Honoxum W = [ (& — 2|a|((6%(t) + 60%(t + s) + ¢(t)* + @*(t + s)ds
—h

Torga muoxectBo {W* = 0} = {¢ = 6 = 0} comeprur u3 perenuit
npejenbHOro ypapHenus (3.8) Tonbko p =0 =9 =0, =0 = 7.
[To Teopeme 3.3 momyuaem crabmnusauuio ocu Oz Brosns ocu OZ, Te.

ACHMITOTHYECKYIO YCTOMYHUBOCTD IOJIOXKEHHS: p=0=¢p=0,p=0= 5

[Tonydennsle B paboTe pe3y/bTaThl PA3BUBAIOT pe3yiibraTsl pabor [4,6].
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0.A.Ilepeeydosa. Hexoropue mopuducainn meroga Beln ocrpoeims ..

VK 531.36

HEKOTOPBIE MOJIMOUKAIIAY METO/IA BEUJIA
IMMOCTPOEHMSI BEKTOP-®YHKIIMN JISATIYHOBA 1
CUCTEM CPABHEHWUSI

O.A. Ileperyona

Nasecrno (1], wro kaacenveckntt nopxon @.H.Belun k pemennio sajayu yerofiuusocTy

GONLINX JIMHAMHUYCCKHX CHCTCM OCHOBAIL 1A JICKOMIOZHIMK CHCTCMBL M [IOCTPOCHHYN

st Kok0l  wommposannofl  noacneremn  gynkupnn  Jsinynosa-Kpacosekoro  [4).

Drn Gynkimmyn  upunaMaloTes B Kaduecrse  Komnonenr  pekrop-pynkunn  Jlsanynosa
(BD.JT), npoussojanas koropoil onenmpacrest ¢sepxy nekoropoit suneinoft cranuonapnof
dynxeit. B pesyanrare nonyuaeres aunefinas apronomuas cuerema cpansnenns (CC)
¢ noswrnsnoit rypsunesolt mMarpuuelt. Ocrnosioe JOCTONHCTBO METOAa — [POCTOTA
nocrpoenust B@JI n CC. Opnaxko nuarolt 3a npoctory  siBJisiercst CyuecTseHibiii
HeAOCTATOK  —— " CnKoM” JIOCTaTOMHbIC  YCAOBHSL  YCTONUHBOCTI  UYJICBOrO  peluenus
HCXOAHOI cneTembl, 00ycaopieinpie rpyGoerhbio ONIenoK npi nocrpoctit Marpuint Beiisn.
B nacrosmedt paGore ocaabusnores rpeGosanins, nagaracmbie ua marpuiy  Befio,
B MACTHOCTH, CBONCTBO PYPBHICBOCTH BAMCHSCTC YCJIOBHEM yCTORUMBOCTH CHCTEMbI
cpaBienus, a4 camMa Marpuua npeiunoiaraercst necramonapnoil. C o ucnonssosannem
peayanraron pabornt (5] BLIBOASITCS yEJI0BHSE ACHMINTOTHUCCKOI YETOiiuBOCTH HYJICBOTO
peiiens Hexoanofl JunamMiieckoll cuerembl.

PacCMOTPHUM YUPABIIAEMYIO JUHAMUYECKYIO CHCTEMY BHJIA [1]:

f: P 4 . . o ;
% = Xi(t, z;) + Diu;, %=1, .y TR,

m

wi = ) Bijy,  yi= Hi, k)
i=1

spech  X;— uenpepwiBubie 1o (¢, @;) u auddepentupyempie no
dbynkuun ¢ orpaunucnnvivu ||0X;/024|, Xi(t,0) = 0, z;— Bexropnl
COCTOSIHNMI PaZsMEpPHOCTH N, Ui— BXOMIIbIC BEKTOPBI pasMepuocty ki, yi—

BBIXOJHBIC BEKTOPLI pa3mepuocti r; nojucucrem, Bij, D;, H; —
m

cooTBeTcTBy0MMX pasmepuocredi (Bj; = 0), Y ni = n.

i=1

TPaGora punoanena nps guuancosoit nogiaepxkke POOI (npoekrer N02-01-00877, N00-15-96150).

MaTpPHIbI
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Cucremy (1) moxHo nepenncath B dpopme:

& = Xi(t,z;) + Z Cyz;, i=1,..m, (2)
J=10#1)
rae z; € R", Cy; = D;B;; H; — mMaTpHibl, XapaKTepH3y0lHe B3aHMOCB3H
MEX1y TIOACHCTEMAMH

d.T,‘,‘
E = X,'(t, Ig). (3)

Byzaem npeanonarath, 4To A8 Kaxa0it u3 moacucrem (3) mocrpoena
dynkuns JIanynosa v'(t, z;), (1 = 1,...,Mm), yA0BJIETBOPSIOLIAs YCIOBHIAM:
callzil? < vi(t,2:) < calleil]

v'(t, 2i) < (=3 + ai(t))l|ill, (4)
]| < cullaadl, @€ R

e ¢j;— HEKOTOpble NOJOKHTeNbHble mocTosiHHble (1 = 1,...m;j =
1,...,4); ¢i(t) — HexkoTOpBIE HENMpPepbIBHBIE OrpaHuYeHHble (PYHKIMHU t > ¢
(1 =1,...,m). Oboznayum

s = fet), c(t) 20 ~(p) = ] —c®), et) <
C(t)—{o, e(t) <0, c(t)‘{o, e(t) > 0.
ITocrpounm BPJI

v(t, z) = (v'(¢, 31), ..., V™(t, ZTm))7, (5)

NpOM3BOAHAA KOTOPOH B CHAy momHON cucrembl (2) MaxkopupyeTcs
NUHeNHoN yHKUuelt or v:

dv(t,z
Eit ) < P(t)v(t, z), YVee R",t>0
¢ marpuueit P = ||p;;|| Buza :
" > lCHl?
13 i =1(k#1 . .
s - + ; T i ;
i 2cip i Py 2¢;3¢5) I ®)

HeiicTBuTensHo, HalijieM OLEHKY NPOM3BOAHOK OT v'(t,z) B cuiy
cucremsl (2) ¢ ygerom ouenok (4):

y o o
'U(t,x):—a—t--i-a‘?:t X(t :L‘; +——" % Cljx_} =
J J#i)
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m
< —cllzil P+ ci@llzil P+ cia [ D NG Nl ) - Nl
3=1(j#1)

2
B cuiy anrebpanyeckoro HepaseHcTBa —azl+bz < — %zg+ 3—a, HMEIOIIEr0
z BBITIOJIHSIETCSl CJIEYIOIIee
mecTo mpu Jbeix a > 0, b > 0, z € R!, 1y
HEPaBEHCTBO

g _ , m m

o(tz) < Rzl + 322 T NCHIE X =il + a(®)]|=:l? <
N i=1 j=1G#i)

< _leijvj(t: ) — ¢; (t)||z:] |
J=

[Ipennonoxnm, yro marpuna P = P(t) TakoBa, Y4TO MaKCHMaJjbHOE
COBCTBEHHOE 3HAYCHHUE [mar = Mmaz(t) MaTpuuer PH(t) = %[P(t) + PT(t)]
YIOBJIETBOPSIET YCIOBHIO

t
limsupfmnaz(s)ds < +co0.
0

t—+00

Torpa nynesoe peirenne u = 0 CHCTeMBI CPAaBHEHUS
u = P(t)u (7)

6yner ycToifuuBo, 4TO ClIeAyeT M3 HepaBeHcTBa BaxeBckoro [3):

L t

IIH(to)Ilexp/um,-n(S)ds < Ju@®)ll < IIu(to)IIexp/umax(S)dsa vVt > to.

to to

1 ycnoBue aCHMIITOTHYECKO! YCTOMYHBOCTH HyJeBOro pemenust & = 0

nexoqHOM cucreMsbl (2) MoxkHO 3amucaTh B Bue [5]: limsup c(t) # 0.
t—+o0

Crnemyer 3aMeTHTb, YTO HEPABEHCTBO BaXkeBckoro cnpaseaMBo, €ciu
|| - ||— cdepuueckas (eBkaumoBa) Hopma BekTOpa. B obiem e ciyuae
HMeeT MecTO cileiyiomas Teopema [1]

Teopema (Y.[desoep, M.Buapscarap)

Iycrs || - |i— mwopma B R" m p(P)— cooTsercTBylOmas
sorapudMuyeckas HOpMa MaTPUUBL 7 X N.
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Pyndasmenmanvyoie npobremu mamemamuru u mezanuxu. Beimyck 2(12), 2002

Torna ansa Bcex t > ¢y > 0 cnpaBeAJHBO HEPABEHCTBO
t

|lu(to)li exp / —pi[=P(7)ldr < [[u(t)|]; < [|u(to)|li exp / pi[P(7)]dr.
lo to
(8)

ITo onpenenennio norapudmudeckoii Hopmbl MaTpuib A

. ||E+hA|| -1
HA) =hl—l91-11-10 H h | '

IIpumep 1. Paccmorpum HeaBTOHOMHYyI0 muHeiinyio cucremy OJIY
BHIA!
n
g = — ) {aydij(t) + bydgi()}a,  i=1,...m, (9)
j=1
rae a;; ¥ bjj— neficrBurenbHble nocrosHube U dij : RT — R u dy; : R —
R— nenpepeiBHbIe orpaHnyenHble GyHKUMH. [IpeanonoxkuM TakxKe, 4TO
a; >0,Vi=1,..,nud; >0,Vt >0,Vy =1,..,n, 6yaem cuurats, uTo
l}l}l(l}l d.h'(t) = 1, Vi = 1, ey T,

~ M301mpoBanuble OACHCTEMbI 6YAYT HMETh BUJL
:i:,'_ = —{a,-,-dlg(t) + bfidgi(t)}mi, (= 1iess n). (10)
s kax ol u3 sTuX nogcucrem sosbMeM bynkuuio Jlanyrnosa v' (z;) = z2,
(i=1,..,n). |
Torza npoussonnas or v'(2;) B CHIIy COOTBETCTBYIOIIEH H30JIMPOBAHHOMN
nogcucTemMsel Oyaer ya0BJACTBOPSITL HEPABECHCTBY:

‘f)i(t, :B,') S —2(11',':1:? — 2bﬁd2i(t)$1?.

CocraBum Bekrop-dbynkumio Jlsnywosa v = w(z) : v(z) =
1 T
(0t (21 ) 0" (20))"
Torza mpousBoxHyI0O OT ¥ B CHIY MOJHOH CHCTEMbl MOXKHO OLEHHTh
CBEpXY JIMHeNHHOH dyHKuuel oT v

dv
P ep
rae marpuua P = ||p;|| makosa : pi = —ai + [2budy(t)]t, pi; =
n

% )|a,1.d1k(t) + budai(t)?, (i # j). Torma ecam MakcHMATbHOE
k=1(k#i
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COBCTBEHHOE 3HAYEHHE Amaz(t) MaTpuupt PH(t) = I(P(t) + PT(t))
L

yaosnerBopsier ycnosuio limsup [ Apez(s)ds < 400, TO HyseBoe
tw0

pemenne u = 0 cucremst cpapuenusi (7) Gyuer ycroiuupo, a ycioBue
ACHMIMITOTHYECKON YCTOMYHBOCTH MOXKHO 3amucarh B Buie [5):

¢

lim supf Amaz(8)ds < 400, lim sup(b;;da;(t)]™ # 0, Vi=1,...,n.

i=o0 =400
(11)

0
Ananory4no [1] MOXHO noCTpoMTh MaTpuLy P, N03BOIAIONIYIO
TOYHEE OLEHHMBATH MEPEKPECTHLIE CBA3H MEXKAY IMOACHCTEMAMH
(" muddepennmanpro”), MO CpaBHeHHIO C npeaplAymel marpuueit (6),
rJe OHM OILIEHMBAIOTCSH ~MHTErpaJIbHO” .
Jns xaxaoro j # ¢
2

. B
Bisllill - lesll < ogflasll” + pwelizi LIt

1

rae f3ij = cia- ||Cijl|, of > 0— mocrosmusre, noanexalue A00Npe/IeIeHHIO.

m

Ca-al)- 3 o) :
= = RO pe= B8 Gy )
i Cir ) ij 4(!ng1

IMpumep 2. MHcoiegyem Ha acCHMOTOTHYECKYIO —YCTOMYMBOCTD
nosnokenue pasuosecus ¢; = z; > 0,%; =0 (¢ = 1,...,n) (npeanonoxus,
YTO OHO CYyUIECTBYEeT) HEaBTOHOMHON cucTeMbl AuddepeHIHaIbHBIX
ypasuenuit Tuna Jlorku-Boabreppa [2):

T
fi=ny at)ei—2), (=1,.,n), (13)
j=1
roe a;j (t)~—— HEKOTOpble HelpepbiBHbIe orpannyeHnble Gyuxmuu ¢ > 0.

Cuenas 3ameny ¥ = & — ¢ (¢ = 1,..,n), 3anumem ypaBHeHus
BO3MYLLIEHHOIO JIBUKEHHA:

R (e (14)
j=1
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[Tepenumenm cucremy (14) B Buze:

n

Ui = aii(t)yi(z] +yi) + Z z7a;(t) (1 + vi)y;, (¢=1,..,n). (15)
J=1(G#1)

Torpa nuneitnoe npubanxkenne K cucreme (15):

n

% = zjaa(t)yi + >, iag(t)y;,  (E=1,..,7n). (16)

i=1(G#1)
Hycres v(y) = @), v"(¥))T— B®JI gns cucremer (16) c
komronentamu v'(y) = y?, (¢ = 1,...,n). IIpoussoanas or v'(y) B cuiy

M30JIMPOBAHHON NMOACHCTEMBbI
Yi = z;aii(t)yi
byaer uMeTh BHUI
Vi (L, y;) = 2xtai(t)y? = 2xla;(t)v*

Torma mnpousBoAHass OT v' B cuay TmnoaHoi cucrembl (16) 6Gyzmer
OTIPEAENATLCA CIeAYIOIIHM PABEHCTBOM

v'(t,y) = 227aii(t)v (v:) + 227 - ) aij(t)y;9i-
J#i
Jis Ka>kZ10oro j # i OLeHHUM cjlaraeMoe

zi?lai; (O1? 5

2zt a;; (t)yiy; < o (vi)® + o Yi» o, = const > 0.
1
Torga marpuna P = ||p;;|| Moxer 6bITh npeacrasiena B Buie
*2 2
& . Tila;: t ) .
pii = 2zja;i(t) + Zo'fs pij = — lc:;-( ) , (J #1).
i i

Hynesoe pemenne u = 0 cucreMbl cpaBHEeHHsI

4 = P(t)u

t

6yAeT paBHOMEPHO YCTONYMBO, €CIIN tlim [ oo (P(t1))dty < p; p € (0, +00),
—00 to

/L HE 3aBUCHT OT ip, IZle [ioo(P)— HekoTopas jorapudMuyeckass HOpMa
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maTpuibl P. Ycnosne paBHOMEPHOTO NpuTsKeHHst peluernii cucremst (16)
MOXKHO 3aMHCaTh B Buje [5]: MHOXKECTBO

{(y, ’D(;(f)%) =0, VE#J}

1

He COACPXKHNT peureHnii npenenhuoﬂ CHCTEMBbI

Yi = tu y!+z yj: (z'=1,....n),

J#
(aj;(t) = hm a,J(t +t,)), xpome uysnesoro y; =0 (¢ = 1,...,n).

Tor',u,a H)JIGBO(-‘: pewenne y; = 0 (i = 1,..,n) cHcTeMBbl JHHEHHOrO
npubmokennst (16) Gyaer SKCMOHEHUHANBHO YCTOHYHBO (4151 JTHHEHHBIX
CHCTEM paBHOMEPHAsl ACHMITOTHYECKAsl YCTOHYHBOCTL IKBHBAJICHTHA
9KCIIOHEHIMAIBLHON YCTOMYMBOCTH), M MOXKHO NPHMEHHTH TeopeMy 06
YCTOMYHMBOCTH MO JIMHEHHOMY NPUOJIKEHHIO, COMVIACHO KOTOPOI HyJieBoe

pemwenne y; = 0 (¢ = 1,..,n) cucrems (14) Gyger acHMOTOTHUECKH
YCTOMYHBO B MaJIOM.
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OIIEHKA BEPOSITHOCTEM BOJIBIIINX
VKJIOHEHU! 1J11 MOHOTOHHOT O ITPOIIECCA
CIIEIIMAJIBHOTO BUJIAS

HO.T'. CaBuHoB

B pabore nosyuena oilleHKa BeposiTHOCTEH GONbLUIMX YKJIOHEHWH AJ1s1 MOHOTOHHOIO
auddepenuupyemoro npouecca cneuuaisbHoro suga u3 [1]. Kpome storo nosyuens
OUEHKH  BeposiTHOCTEii  nepecevyeHHst  KPHUBOJHMHEHHOW  IpaHMUBl  MOHOTOHHBIM
auddepesupyeMbiM  npoueccoM, obobuialomme aHaJIOTMYHbIE OLEHKM Ui cjy4dasi

C MOCTOsIHHOM rpanuueit u3 [1].

[Tyctr Ba croxactuueckom 6asuce (2, F,F

= (Ft)e>0, P) 3anan
craHgapTHbI BHHepoBckuii npomecc W = (W))s0. Jast mexkoTopoit

KoHCcTaHThl a > (0 paccmorpum HeyObiBatomuii audpdpepeHunpyemblii
npouecc X = (X;)i>0 C

t

X = /I(Ws > a)ds, (1)
0
rae I(-) — unauxkaropuass dpyHkuus. [lycrs ¢(t) raxosa, uro V t > 0

d(t) > 0, ¢(t) T 1 nput — oo. Bepua cienyromas
Teopema. /Jas ecext >0

P (sup 2> 400) < VI— 90 )

D<s<t S

Jdoka3aTesbCTBO TEOPEMBI.
C noMoIupbio 3aMeHbl BPEMEHH I10J1yYaeM

s 1 o

X, [1(W. > a) du st(Wu>%)du
sup — = Sup = sup —
O<s<t S O<s<t S O<s<t S

1 1
— a —
= 8t [|Wy> — )du< ( )
g, [ 1(%> 75) du < g, [1(7. >0) dw
0

8Pa6ora Bumoniena npu noauepxxke PO®U, rpant N 01-01-00735.
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[0.T.Casumos. Ouenika BeposiTHOCTeii 6OABLIIMX YKAOHEIHTT /7151 MOHOTOHHOrO nporecca. ..

——

rae ﬁ}u = 715Wu,. [Tpomecc W = (Wy)up0 siBaAsieTCs: BUHEPOBCKUM (CM.,
nanpumep, Teopemy 11.3.12 B [2]).

Hcnonw3ys 3akoH apkcunyca (cm. nanpumep, Teopemy I11.5.1 B [3]) u3
nocJjleJHero HepaBeHCTBa uMeem Vi > 0

1

P (sup Xs > ¢(t)) /I(W; > 0)ds > ¢(t) | =

O<s<t S
0

=1- %arcsin Vo(t) < /1 - é(t).

Teopema goxazasa.

Ons  npouecca X = (X;)i>0 MNONy4YeHbI OIEHKM BEPOSTHOCTH
npebbIBaHUs HUXKE HEOTpHUATe]bHON rpanuusl ¢(t) takoi, yro V¢ > 0
o(t) < t, @ — 0 npu t — o0, ¢(t) > 1 npu gocraToyno GoabIIMX t.
Bepna cieayomas

Teopema. Cywecmsyom maxue NOAOHCUMENOHDLE KOHCTRAHMYL C] =
ci(a) u cg = eo(a), momenm epemenu ty = to(a), wmo das ecex t > tg

a2 < P(X, < (0) < e[ 2 3)

Jloka3aTeJibCTBO TeopeMbl. PaccMOTpUM MHOXKECTBO
L

A= /I(Ws > a)ds < ¢(t)
0
Ucnonp3ys 3ameHy BpeMeHH, NOJTydaeM

1

Ay = /I(Wut>a)du<¢() = jl(\}zwu:>7)d <¢>£t)

” _ (@
O6osnaunm W, = TW“‘ [Tporuecc W = (Wy)uzo Takxke siBIsieTCS
BUHepoBcKuM (cM., Hampumep, Teopemy I11.3.12 B [2]). Beemem MmoMeHT
OCTAHOBKH

= a
0=O'I=i11f{533>[);ws=$=$}- (5)
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Pyndasmenmanvivie npobaresmu mamemamuru u mexanuxu. Boinyck 2(12), 2002

3amernnm, yTo P{oc < o0} = 1u W, = 7 P-nu. (em.(4)). [pumenss
ciyyalfHyio 3aMeHy BpemeHH, nonyvaeM (cm., nanpumep, Teopemy I1.5.5 B
[2]), uro nponecc W = (W,,)us0 ¢

—

Wu = Wu+a - (6)

a
7
saeasercs suaepockum ornocutensto (F,P), F = (F,)us0 ¢ Fu = Furo-
13 (4)-(6) momyvaem

{j (W >$)d <—} {7 Wu—m>o)du<@}
0

1-0

{1 |

U3 (7) cnegyer, uro

A,:{O/]I(Wu>%)du<@ ., Ofll(ﬁ’;>0)du< (t)}

[Ilpumensis 3akoH apkcunyca (cm. Hanmpumep, Teopemy IIL5.1 B [3])
IOJIyYHM HEPaBEeHCTBO:

P{A } > —alcsm \/7 \/—

1-
I Worg — W, >o)du<— [IW>0 du < 2
0

rAe KOHCTaHTa € = =. HH}KHsm ouerka B (2) ycranoBsiena. Jlokaxkem
Teneph BEPXHIO OLEHKY B (2). Badmxcnpyem e € (0,1). U3 (7) caenyer,
YTO

o+(l1-¢)

P{A}<P /I(Wu>%)du<@ +P{o>e}. (9)

a
PaccmoTpuM nepBoe craraemoe mnpasoit wactu (9). U3 (8) u 3axoma

apKCHHYCa Cle/lyer, 4YTo

g+ (1-¢)
P / I(Wu>%)du<ﬂ;_) "
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FO.T". Casurios. Ouenxa sepositnocreii 60ab1nx yKAOHSHUH j1J151 MOHOTOIIIONO [POLECCa. ..

1-¢

=P /I(Wt, > 0) du < %t) — %arcsin R?% (10)
0

M3 (10) monyuaem ¢ koncranToit dy = di(e) = %—\;ﬁ’ 4TO

o+(1-¢)

P /I(Wu>%)du<@ < di ?9 (11)

a

PaccmoTpum Temeph BTopoe ciaraemee npapoi yactu (9). 3ameTuMm, 4TO
u3 onpenenenns o (4) crexyer (cm., nanpumep, Teopemy 11.3.12 B [2])

f & 2
P{a;.,.(e}:/ exp{——}ds.
< > 5

) V2rs S

[IpuMensis 3aMeHy BpeMeHH, TonydaeM ¢ KOHCTanTo# dy = da(a,€) = 7“;

Plo>e}= /mexp{ }ds—/mexp{ 1}du<j“_.

eta=?
(12)
Buibupas c; = cy(a,e) = dy + dy u3 (9), (11), (12) u ycunosuit Ha ¢(t)
MOJTYYMM, YTO CYLIECTBYeT MOMEHT BpeMenu ¢y = to(a), uro mpu t > to

P{At}gdq/—;—-i- m/ Yty Ef \/‘ﬁT‘t.

Teopema moxazana.
Aprop Beipakaer Guarogapuocth A.A.Byroy 3a Bunmanne k pabote.
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VK 517.929

[IPEEJIbHBIE YVPABHEHUS B U3YUYEHUN
ACUMIITOTUYECKO YCTOMYNBOCTU PEIIEHUN
HEABTOHOMHBIX /IU®PEPEHITNAJILHBIX
YPABHEHUI C 3AIIA3/IBIBAHMEM.’

H.O.Cenona

Ouddepernnansupie  ypaBHEeHHs C 3ama3fblBAHHEM  ONHCHIBAIOT
MPOLIECCHI, B KOTOPBIX CKOPOCTb M3MEHEHHsI COCTOSHHS B KaXKIblH
MOMEHT BpPEMEHH 3aBHCHT He TOJIBbKO OT TEKYIIero COCTOSIHHsI, HO M OT
" NpeABICTOPUH” POILIECCa, TO €CTh HEKOTOPKIX MPEAbIAYIIUX COCTOSTHHIA.

B Hacrosieit pabore paccmMaTpuBalOTCS HEABTOHOMHbIE YDaBHEHHS C
3ama3ablBaHHeM, B KOTOPbIX HeM3BeCTHass (PYHKUHS T 3aBHCHT OT OIHOM
NepeMeHHoii ¢, TPaANIIHOHHO Ha3blBaeMoii BpemeneM. Ecin M0OXKHO yKa3aTs
yucno r > 0, Takoe, uro ajda Jjoboro ¢ npousBogHas T(t) He 3aBHCHT OT
3HavyeHud z(s) npu s < t — r, TO 3ana3AbIBAHHE HA3bLIBAETCS KOHEUHBIM,
nHade — 6ECKOHEYHBIM MJIH HEOrPaAHHY€HHBIM.

Hnsa ypaBHeHHH ¢ HEOrpaHHYEHHBIM 3aMa3AbIBAHHEM 3HAYHTEIbHYIO
poJib B MOCTPOEHHH TeOpHH Hrpaer BbIOOp moaxojsiiero ¢a3oBoro
npocTpaHcTBa  AKcHoMaTHYeCKHH — moaxod K 3roil  npobieme,
paspaboranHbiif B crarse [11], u B gaibHeiimeM HCIoNb3yeMblit BO MHOTHX
paborax (cm., manpumep, ([12], [15], [16], [18]), mo3BONsIET OmpejeaUTH
YCJIOBHSI, NIPH KOTOPbIX BO3MOXKHO NOCTPOEHHE IPEAEIbHBbIX YpaBHEHHM
CO CBOJICTBAMM, aHAJOIMYHLIMH IOJYYEHHBIM JyUifd OOLIKHOBEHHbIX [13]
H  PYyHKUMOHAJILHO-JU] depeHalbHbIX ¢ KOHEYHBIM 3ala3/blBaHHeM
2], [6] ypaBuennit. Knacc ypaBHeHHi, A/t KOTOPBIX MOXHO MOCTPOMTD
npeaeibHble, JOCTATOYHO WIMPOK W BKJIOYaeT B cebs, B YaCTHOCTH,
ypaBHEHNs] C [I0YTH NEePHOAUYECKOif 0 ¢ mpaBoii YacThIo.

CoorHoumienne Mexay ycroiumsocTbio mo JlanynoBy pemexuit
anddepeHanbHOr0 ypaBHeHHs W pelIeHnii NpeiesibHBIX YypaBHEHHH
obcyKaanach MHOTMMH aBTOpaMu, cM., Hampumep, (2], [12], [15], [17],
(18] u cewpinkn B Hux. Hexoropsie“ycroitanBonogobusie” cpolicrBa

%Pabora Beinonnena npu duuatcosoii nogaepxke POOH (npoekr N 02-01-00877).
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H.0.Cedosa. Tpenenbubie ypaBucuns B H3yUCHHH ACHMITOTHICCKON YCTORUHBOCTH...

“HacielyIoTCs1” BCEM CeMEeCTBOM NMPEeAENbHBIX YPABHEHHH, YTO MO3BOJIAET
clie/1aTh BbIBOZ, O CBOMCTBAX LEJIOT0 Kacca ypaBHEHHUH, H3YYUB JHIIbL OJHO
[15]. C mpakTH4ecKoif TOUKHN 3PeHUsI MPECTABISIOT HHTEPEC PE3YJIbTATH,
MO3BOJISIOIIME Ha OCHOBE CBOMCTB IpeJeNbHbIX YypaBHEHHit jesaThb
BBIBOJ, O TTIOBEJEHUM PElIeHHIT HCXOAHOTO ypaBHeHusi. Takne yTBep/KaAeHu s
0co6eHHO y106HO IPUMEHSITh B TeX Cily4asiX, KOr/a npejesibHble YypaBHEeHU
HMeloT OoJiee NMPOCTYIO CTPYKTYPY, Y€M HCXOAHOE, HAIpHMep, ABJIAITCA
aBTOHOMHBIMH, a TaK)Ke JJIsi YPaBHEHHil C MCYE3AIUUMU B PA3JIMIHBIX
CMBICJIAX BO3MYIIEHUSIMHU.

B pabore mpeanaraiorcs pe3ysabTaThl TAaKOrO pPOAA, Pa3BUBAIOLIHE O
obob1alone HEKOTOpble U3BecTHbIe yrBepxkaenus (1], [2], [12], [18] mus
YPaBHEHMIT C HEOTPAHUYEHHBIM 3ala3/bIBAHNeM BHIA

() = X(t, ).

B  nepBomM  paszene  NpPUBOAATCS ~ OCHOBHBIE  ONpEJENIEHUS U
BCIIOMOT'aTeNbHbIE pE3yJIbTaTbhl, MCIOJb3yeMble Ha TNPOTAKEHHMHU BCEH
craTbu. BTopoit pasgen MNOCBALIEH OINpEJAEJeHUsSIM  yCTOHUMBOCTH
M IIOCTPOEHMIO TpeleNbHBIX ypaBHeHuit. B  Tperbem pasnene
chOpMYyJIMPOBAHLI OCHOBHBIE pe3yJbTaThbl npH CAeTaHHBIX
npeanosoKeHuax. B uderBeproMm paszese 00CyXKIAIOTCA CIAEACTBUA U3
JOKa3aHHBIX TeopeM Jyis ypaBHeHHil ¢ Bo3myuieHusiMu. [Ipumenenune
NOJIy9eHHBIX PE3YyJILTATOB MILIIOCTPUPYETCA NPUMepaMu B pasjele 5.

1. OcHOBHbIE OnpejeIeHusl U BCIIOMOrareJibHble YTBEePXK/EeHUS.
[TycTs R™ — peifcTBUTENbHOE M-MEPHOE MPOCTPAHCTBO C HOPMOIt | - |, B
— JIeCTBUTEILHOE BEKTOPHOE MPOCTPAHCTBO JIN60
(i) menpepniBHBIX dyHKuUML, oTobpaxatommx (—o0,0] B R", u ¢ = B B,
ecu @(s) = Y(s) ana Beex s € (—o0, 0], mubo
(ii) msmepumbix dbynkuuii, orobpaxkaoumx (—o00,0] B R, u ¢ = ¥ B B,
ecin @(s) = 1(s) mna nouru Beex s € (—o0,0] u ¢(0) = (0).
¥ B mpocTpaHcTBe B onpesesneHa HOpMa | - |p Takasd, 4TO MPOCTPAHCTBO
(B,| - |p) aBaserca 6anaXOBbLIM.
Ina dyuxuuu z : (—oo, A) = R", 0 < A < 400 onpeaenum GyHKIHIO
z; : (—o00,0] = R" no dopmyne z,(s) = z(t +s), s < 0 ana kaxzgoro
te[0,A).

Onpeaenenue 1 (10). ITpocmpancmeo B 1a306ém donycmumvim, ecau
cywecmeyiom nocmosnwnwwe K,J > 0 u nenpepuenan dynxyusa M
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[0,00) — [0, 00) maxue, wmo emnoanaromes caedyouue ycaosua. Iyemo
0<a< A< o0 Ecauz: (—o00, A) = R" nenpepwena na [a, A) u z, € B,
mo das écex t € [a, A)

(B1) z; € B u z; nenpepwieno no t omHocumeavto | - |p;

(B2) lzuls < K ma [2(s)] + M(t - a)lzals;

(B3) |¢(0)| < J|¢|p 0an scex ¢ € B;

(B4) M(t) = 0 nput — oo.

[TpocreiiiinM  npUMEPOM  AOMYCTHMMOrO IPOCTPAHCTBA  ABJISETCS
onpezeserHoe A joboro r > 0 npocrpauctso C([—7,0]) HenpepbIBHBIX
Ha [—r,0] dyskumit ¢ HOPMOIt [@|c(-r0) = SUP_r¢s<o |©(S)|. Paccmorpum
eme MABa BaXKHBIX KJacca JAOIYCTHMBIX NPOCTPAHCTB (CM., HAIpPUMEP,

[10]).

1. Ilycrs

g : (—00,0] = [1,00) — HempepsIBHAs HEBO3pacTAIOIAs (DYHKIMS,

9(0) =1,
(1)
9(s)

: g2
im0 SUP <0 577 = O- (82)

O6osnauynm uepes (), NPOCTPAHCTBO HENPEPLIBHBIX  PYHKUIHMH ¢,
orobpaxaromux (—00,0] B R", rtakux, 4ro supl|p(s)|/g(s) < oo.
0

RES

[9(s +u)/g(s)] = 1 paBHOMepHO Ha (—00, 0] mprt u — 0—,

Torma C, c nopmott |pl, = |p|c, = supl|p(s)|/g(s) ecrp Gamaxoso
s<0
npocTpancTBo. Pacemorpum momnpocrpancrso UC, = {p € C,

¢/g paBHOMepHO HenpepbiBHa Ha (—o0,0]}. Torma UC, nmomycruwmo.
HacTubiM ciayvaem npocrpanctsa C, ABJISETCH 4aCTO HCHOAL3YEMOE B
uccnegoBanuax npocrpaictBo Cy ¢ g(s) = e mag v > 0. OueBuaHo,
npocrparcteo C, pomycrumo. 3ameTuM, 4yto npu y = 0 nosyuyaem
npocrpaHcTBO () OrPaHHYEHHBIX HENPEpPbIBHbIX (PYHKIUH C CynpemyM-
HOPMO#, KOTOpPOE JOMYCTUMbIM HE SIBJISETCH.

2. ITycrb k : (—00,0] — (0, 00) — u3amepumas dyHkIus, Takas, 4To

0
/ k(s)ds < oo, sup k(s —T)/k(s) < L(T) (k)

AJ1st Hekoropoit HempepbiBHO# ¢ynkuun L : (0,00) = (0,00), y koTopoit
limy o L(T) = 0. [Iycts My — mpOCTPaHCTBO M3MEPUMBIX (byHKLHiA,
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H.0O.Cedosa. Tlpepenbupie ypasienus B u3yuenny aCHMITOTHICCKOR yCTORIHBOCTH. ..

orobpaxkaromux (—oo, 0] B R", u ¢ sxBuBasientTHa ) B My, eciu p(s) = 1(s)
AT OYTH Beex § € (—o0,0] u ¢(0) = 9(0). Onpeaenum

0
M, = goeMg:/k(s)ko(s)[ds(oo ,

u ans r > 0 ompemennm mpocrpauctBo M = {p € M
¢ HenpepsiBHa Ha [—7r, 0]} ¢ HOpMOI

0
lellag; = ol = max 4 max_[o(s)], f E(5)lo(s)\ds

—-r<s<0
—00
Torma nmpocrpancteo M;, siBisiercst gomyctiumbiM [10)].

I[Tycrs B — pmomycrumoe cenapabenbHoe mnpocTpaHcTBo. s
npou3BOIbLHOro a > 0 ompezsenum muoxecrsa B, = {¢ € B : |p|p < a},
Bo={p€ B : |gp|p < a}. .

Paccmorpum CHCTEMY dbyHKIHOHAIBHO- AU dEepEeHITHATIBHBIX
YPaBHEHH

z(t) = X(t, z0) (1)
roe X ecTb HeNnpepbIBHOE OTODOParkeHWE, ONpEAeSIEHHOE Ha MHOXKECTBe
R* x By — R" pnsa nekoroporo 0 < H € 00, orpaHH4YeHHOe Ha KayKJI0M
muokecTBe R X By, | X (¢, )| < m(h) nna seex (t,) € Rt x By, 0 < h <
H. Torpa pas Kaxkao# HavdanbHO# Touku (o, ) € Rt X By cymectsyer
Hempogoskaemoe pemenne (t; a, @) ypasaenus (1), onpeaenéntoe mis t €
[, B) mns wekoToporo [ > @, TO €CTh HEIPEPHIBHOE H YAOBJIETBOPSIOLIEE
ypasrenuio (1) Ha [, 3), 1 Takoe, uTo T, = . Kpome Toro, nis nobdoro
e € (0,H) u z(t) - nenpogomkaemoro pewenus (1) na [a, §), Takoro, 4ro
To € Be, mubo B = +o0, aubo |z, |p = € mus Hekoroporo ¢ € (e, B) [10],
[16].

2. OnpesenneHus YyCTOMYMBOCTH U NpeJeJIbHble yPaBHEHUS.
[Ipeamonokum, 4To ypasHerue (1) uMeeT HyJIeBO€ pelieHHE, KOTOPOE
MBI ¥ OyjieM HCCIegoBaTh Ha YCTOHYHBOCTD.

Onregenenue 2. Hyseeoe pewenue ypaswenus (1) waswieaemces
yemotvuewm 6 R (6 B), ecau das mobozo € > 0 u amobozo o € R*
cywecmeyem §(a, €) > 0 maxoe, wmo |z(t; o, @)| < € [|ze(c, p)|B < €] dnn
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ecezt > a npu |¢|p < §. Touxa z = 0 asasemes mowkoti NPUMANCEHUS
pewenutl ypasnenus (1) 6 R* [ B|, ecau das npouseoavnozo o > 0
natidemes A(a) > 0 maxoe, wmo u3 |¢|p < A caedyem |z(t;a, )| — 0
[|zi(a, )|l — 0] npu n — oo. Hyaesoe pewenue acumnmomurecku
yemotinueo, ecau ono yemotinueo u ¢ = 0 ecmb mowka NPUMANHCEHUS
pewenuti (1) (6 R™ uau 6 B).

Onrenenesne 3. Hyaesoe pewenue ypagruenus (1) sxsuacumnmomuecky
ycmotivueo 6 R" [6 B, ecau ono ycmotinuso u das npouseoavnozo o €
R* u wmobozo € > 0 cywecmeyrom A(a) u T(e, ) maxue, wmo npu 6cex
lolp < A, t 2 a+ T ewnoanaemca |z(t; o, )| < € [|z:(a, ¢)|s < €]. Ecau
wucaa 6 (em. onpedenenue 2), A uT ne 3a6ucam om o, MO UMEETN, MECTNO
PABHOMEPHAA ACUMNIMOMUNECKAA YCMOUHUBOCTND.

3aMeTHM, YTO eCIM 3ama3jiblBaHue OTPAHMYEHO, TO ONpeAeTeHud
YCTOHYMBOCTH 10 OTHOIIEHMIO K HOpMaM B R™ U B pa30BOM NPOCTPaHCTBE,
OYEBH/JHO, JKBUBAJIEHTHbLL. B Clly4yae HEOrpaHWYEHHOrO 3ara3/(blBaHUd
aro B obmem ciayyae He Tak. Hampumep, ecim B kadecTBe ¢hasoBoro
npocTpaHcTBa Mbl Bhlbepem npocrpaHcTBo (), TO HEHYJIEBOE peLIeHHe
HUKOTJa HE CTPEeMHUTCS K HYJIIO I[10 OTHOLIEHHIO K HOPME 3TOro
NMPOCTPAHCTBA, TO €CTh |T¢|¢, = Supsgq|z(t + s)| # 0 mpu t — co. B 1o
e Bpema eciu |z(t) — 0, To sup,¢q |z(t + s)|e”* = 0 mma moboro v > 0.
Cnpagennus ciepyomuit pesyisrar [16]:

'u

JIlemma 1. Jaa donycmumozo mpocmpancmea B onpedenenus
(pasromeprotl,) (acumnmmomuneckoti) YemotUNUBOCTNU IKEUSAAEHIHDL.

Taxum obpa3om, B JanbHedlieM Mbl MOXKEM TIOBOPUTH IIPOCTO 06
YCTOHYMBOCTH, HE YTOYHdAdA, IO OTHOLIEHWIO K Kakoifi HOpMEe OHa
IMIOHUMAaeTCH.

HJomycTuM Tenepp, YTO UMEET MECTO CJIe/YIOIIee MPeaIIoNoXKEeHHUe:

Ilpeanonoxenue 1. Qynxyuonanr X(t,¢p) pasnomepro wenpepvisen Ha
kaotcdom mmoocecmee RY x K, 2de K C By — xomnaxm, mo ecmbd
Oas xaoicdozo € > 0 cywecmeyem & = §(e, K) maxoe, wmo daa ecex
(tl,{p]),(fg,(pg) € R x K u3 nepasencme Itz = tll < 9, |502 = (PIIB <9
caedyem | X (ta, p2) — X (t1,01)| <.

IIycte Fx = C(R* X By, R") — 1pOCTPaHCTBO HENPEPLIBHLIX (hyHKIMI,
onpexneneHuslx Ha RT X By co 3nayennsamu B R". Ina X € Fx onpenenaum
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cemeiicrBo casuros T(X) = {X,(t,p) = X(r + t,p), 7 € R*} u
oboznaunm H(X) sampikanue muoxkecrsa T'(X) B npocrpancree Fy. B
ciaty npeanosoxkenus 1 muoxecrso IH(X) KOMIaKTHO B HPOCTpAHCTBE
Fy. O6oznaunm Q(X) = {X* € Fx|I{ta} tn @ 0 : X;, & X' B Fx}.
Ouesnjno, H(X) = T(X) U Q(X).

Ypasuennio (1) comocrasum cemelicTBo npedeavnur ypasnenud [17],
(18):

2(t) = X*(t, ), (2)

rae X*(t,¢) € Q(X) ecrs npeaenbubiit K X QyHKIHOHA, ONpejeisaeMblit

HEKOTOPOIt MOC/IeA0BATEILHOCTLIO T — 400, TO ecTb X * (1, ) = JILlim X(t+
C—r00
tr, @) aaist (t, ) € RY x By (npu 9TOM CXOJHMOCTL PABHOMEPHA Ha KAXIOM

muoxecrse [0,7] x K, rpe T > 0, K - xomnakr u3 By).

Onrenenenue 4. Hyaesoe pewenue ypasuenus (1) wasweaemcs
acumnmomunecku yemotnueum 6 UX), ecau das mobozo € > 0 wu
mobozo a € RY cywecmsyrom 6(e,e) > 0 u A(a) > 0 maxue, wmo
lzi(a, @)|p < € Oan ecex t 2 a npu |p|p < 0, a u3 |p|p < A caedyem
|z (a,©)|p = 0 npun — 00 daa Mobozo pewernus obozo npedenvrozo
ypasrenun &(t) = X*(t, x).

3. Teopembl 00 aCMMITOTUYECKOH YCTOHYHUBOCTH.
Ucnonb3ys BeejieHHbIC ONIPEIesICHHST H MPETION0XKEHHS, & TAaKXKe JeMMBbI
2.1 1 2.2 u3 [18], MOKHO JOKA3ATL CJIEJYIONLYI0 TEOpeMy:

Teorema 1. Ecau nyaecoe pewenue eJuUHCTNBERNO OAf  YPABHEHUS
(1) u acumnmomuuecku yemotnueo 6 §UX), mo ono pasromepno
ACUMNMOTNUNECKU YCTOTUNUBO.

B sToit Teopeme sl yCTAHOBJEHHS DPABHOMEPHOH ACHMIITOTHYECKOH
YCTOMYMBOCTH HYJICBOIO pEUIEHHsI MCXOAHOrO ypaBHeHus Tpebyercs,
yrobpl £ = 0 OblI TOYKOH NPHUTIANKEHHS PABHOMEPHO OTHOCHTEJIHHO
6cer mpeienbHbIX ypaBHenuii. B obmem ciydae aro Tpebosanue
Henb3si ociaburh W norpebosBarb, urobpl 0 ObUI  NPUTATMBAIOLUM
0 OTHOILIEHWIO JHMIIL K HEKOMOpOMY TpPeNesIbHOMY YPaBHEHHMIO.
Hepocrarouno npejojaraTb ¥ INPOCTO aCUMITOTHYECKYIO YCTOHYMBOCTD
HYJICBOTO ~ DELUCHHS KaykJIOro NpPEAENbHOro  ypapHenus (1o ecthb
Korja yucaa 0 U A B OonpeieJeHHH acHMMTOTHYECKOH yCTOHIMBOCTH
3apucaT eme M or npasoit uacru). Jaxe jia  0OBLIKHOBEHHOrO
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anddepeHInanbHOr0  YpaBHEHUS H3  PasHOMEPHOT.  ACUMIITOTHYECKOH
YCTONMYHMBOCTH HYJEBOrO PELICHHS KaXKJOro MpeesbHOro ypaBHEHHS He
cneayeT paBHOMEpHasi aCHMITOTHYECKAass YCTONYMBOCTL (M JlaXKe MpoCTo
paBHOMEpHasi YCTOIYHMBOCTb) HYJIEBOrO PEIIEHHsI HCXOJHOrO ypaBHEHHS.
CooTsercTBylonue KOHTpnpuMepsl MoxkHo Halftu B [7]. Tem ne Menee
MOXKHO JI0Ka3aTh CAeAYIOUIHil pe3yabrar:

Teorema 2. ITycmv nyaesoe pewenue ypasnenus (1) pasromepro
Yemotunueo u cyuecmeyem npedesvroe ypasrerue, dai xomopozo z = 0
asasemes mouxot npumasasicenus. Tozda nyaesoe pewenue ypasrerus (1)

IKBUACUMNMOMUNECKU YCNOUYUBO.

3ameTHM, 9TO 9Ta Teopema I03BOJISIET OTIpEeJETUTh
9KBHACHMIITOTHYECKYIO YCTOMYMBOCTH HYJEBOTO PpEUIEHUs YPaBHEHUS
(1), ymoBnerBopsitomiero ycaoBusM KommakTHocTH H(X) aumb  Ha
HEKOTOPOH IT0CJIeJ0BATE/IbHOCTH HWHTEPBAJIOB [tk,tk + Tk], tr — 00,
T, > Ty > 0. BHe 3THX HHTEPBAJOB JOCTATOYHO, YTOOBI NpaBas 4acCTb
YPaBHEHHsI YAOBJIETBOPSJIA JIMIIL YCJIOBHSAM CYIIECTBOBAHHS pPEILEHHI .
B srom ciyyae npegpeabnbii ¢ynkumonan X*(t,¢) Oynser samaBaTbes
Toc/IeI0BaTeIbHOCTBIO {¢1, } 1 onpexnenen mo kpaitneit mepe mis t € [0, T,
T 2 Tp.
4. YpaBHEeHHUs C BO3MYUICHUSIMM.

PaccmorpnM Teneph ypaBHeHHe

$(t) = X(t: mt) 5 g(t: Zg), (3)

B KoropoM X (¢, ¢) — dynkumonan u3 ypasuenus (1), a g(t,¢) : C(R* x
By, R") yIOBIETBOPSET YCIOBHSM:

SUPp<ug] fzm’ q(s, ) ds[ — 0 npu t — oo s Beex @ € By;

Ir >0, b(s) : R - R* - ney6uiatomas, b(0) =0
u h(t): limy,e ff“ |h(u)|du = 0, (4)
Takne, 410 [g(t, @) — g(t,9)| < b(|o — ¥|p) + h(t)
aas seex t >0, % € By,

Taxnm ycnosuam ynosnersopser, manpumep, dyHkuuonan g(t,@) =
¢(0)sint? (cm. [14]).

Ucnonbsys = nemmy 2.1 w3 [18] W He3HAUMTENBHO H3MEHss
JI0Ka3aTeJIbCTBO TEOPEMBI 2, NONIyyaem
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Teopema 3 obobmaer pesyasrarsl pabors [18], rme paBHOMEpHas
aCHMIITOTHYECKasl YCTOMYMBOCTH HYJIEBOrO pelneHus ypasHeHus (3)
JOKa3aHa MPH yCI0BUH, 4TO & = () €CTh TOYKA PABHOMEPHOI'O MPHUTS/KEHUS
B (X)), aubo uTo HymeBoe perienne ciabo paBHOMEPHO ACHMITOTHYECKH
ycroitynBo B ((X).

Hns Gojee y3koro kjacca (YHKIHOHAJOB, YAOBJIETBOPSIONHUX
JOTIOTHUTEJILHOMY YCJIOBHIO

VX* € Q(X) H(X*) = Q(X)

B pabore [18] moxasaHa paBHOMEpHas ACHMOTOTHYECKAsA yCTOHYMBOCTD
HYJIEBOIO pELIeHHs] ypaBHeHusi (3) B ycIoBUsiX TeopeMbl 4, OAHAKO [Jid
IPAaBLIX YacTel, yA0BIETBOPAIOIIX MEHEE CTPOTOMY YCIOBHIO

X € Q(X), (5)
JOKa3aH JIMIIb CAeAYIOUMil pe3ybTar:

Teorema 6. ITycmov X (t, @) ydosaemeopaem ycaosurw (5), x = 0 asasemcs
mowxot npumasicenus dan ypasuernus (1). Toeda dasn ypasnenua (8) npu
YCA0BUL (4) U3 PABHOMEPHOU YCTROTNUBOCTNU NYALE020 Pewenus caedyem
20 IKBUACUMNMOMULECKAA YCTROUNUBOCTND.

OueBuHO, TeopeMa 6 ABJISETCH YACTHBIM CIydaeM TeopeMbl 4.

B pabore [12] mokazano, 4YTO M3 pPaBHOMEPHOH ACHMIITOTHYECKOI
YCTOHYMBOCTH HYJIEBOIO DELIECHMs perynspHoro ypasnenust (1) cuepyer
PaBHOMEpHadA  aACHMITOTHYECKAas yCTOHUMBOCTL HYJIEBOIO  pEIeHHs
ypasHenus (3), B xoropom g € C(R* x By, R"),

9(t,) = 0 npu t — oo paBsoMepro no ¢ € K, K C By — xomnaxt. (6)

B pa6ore [1] ans ciaydas orpaHHYeHHOrO 3amas/blBAHUs IIOKa3aHO, 4TO
U3 PaBHOMEDHOH AaCHUMINTOTHYECKOH YCTOMYMBOCTH HYJIEBOI'O pPEIICHHS
perynsapHoro ypasHeHus (1) ciemyer ero ycroifiuMBOCTBH NPH MOCTOSIHHO
AECHCTBYIOUIMX BO3MYIIEHUAX CONJIACHO CJIEYIOLIEMY OINpPEIe/ICHHIO:

Onpenenenue 5. Hyaeeoe pewenue ypasnwenus (1) wnasweaemes
YcmounuBuLM NPU NOCTNOAMHO JetUcmeyIoWUL 803MYULLHUAT, ecau Ve > 0
361,62 > 0 maxue, wmo Ya € R*, Vo € B; u 0ar a06020 q(t, o),
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yr?os.aemeopmomeeo YCAOBUAM

lg(t, ©)| p(s)ds < oo, |g(t,@)| < 82 V(t, ) € RY x B, (7)

O\

pewenue T(t;o,p) ypasnenus () ydosaemeopsem mepasencmey
|Z4(c, ) |B < €.

OueBngHo, uTo ycnousi (6) u (7) SBAAIOTCA YACTHBIMHM CILy4YasMH
ycnoeuit (4) m Teopema 5 06061aeT yKa3aHHbBIE PE3YJIbTATHI.
5. IIpumepsr.
IIpumep 1 ([5], [8]). Paccmorpum ypaBHeHue

z(t) = —a(t)z(t) — b(t)z(t — 1) (8)

B dasosom npocrparctse C([—r,0]). Oyukunn a(t) u b(t) npeamonaraem
PaBHOMEPHO HENpPEepbIBHBIMH M  OrpaHuvenusiMu, a*(t) wu  b*(¢)
0003HaYMM  COOTBETCTBYIOIIME MpeAeJIbHbIE (,.cum ONHOM HU TOMN
Xe mnocieaoBarenbHocT) dyskupn: a*(t) = limyoealt + ),
b*(t) = limy, 00 b(t + t1). IIpeamonoxkum, uTo

§ := liminf,, a(t) > 0,
c(t) := (2a(t) — 6)§ — b%(t) > 0Vt > 0, (9)
f s c(t) dt = oo myia moboro MHOXKECTBA S, YIOBJIETBOPSIIOLIETO
yenoBuio liminfy oo ([t — 7,8 NS) > 0, p(-) — mepa Jlebera.

Torma, OYEBMAHO, TEM K€ YCIOBHSIM YJOBJIETBOPsieT Mapa JIIoObIX
npegenbHbIX dynxkumit a*(t), b*(t), n nHynesoe peuwienue ypaBHenus (8)
acuMmnrorHueckn ycroiunso B 2(X) (Ho He 00si3aTebHO PABHOMEPHO,
cM. [8]). Orcioga o Teopeme 1 ciepyer paBHOMEpHas aCUMITOTHYECKAs]
YCTOMYHMBOCTL HyJeBOro peuienus ypasHenua (8). 3ameTum, 4TO B
[5] B xauecTBe MOCTATOYHBIX YCIOBHil PABHOMEPHOM AaCHMITOTHYECKOIf
YCTOMYMUBOCTH NIPUBOAATCA ClIedyIOUIHE:

a(t) 26>0, c(t) Z2y>0Vt >0

IIpumep 2 [3]. Paccmorpum ypaBHEHHE
0

z(t) = —a(t)z(t) — b(t)z(t —r) + / p(t, s)z(t + s)ds, (10)

—00
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rae ¢ynxuun a(t), b(t) paBHOMEpPHO HempepbIBHLI M orpaHuyeHsl, p(t,s)
PaBHOMEPHO HEmpepbIBHA 110 t,

0
0 < p(t,s) < pi(s), /pl(s)ds =il

suppi(s — T')/pi(s) < L(T), Jim L(T) =0,

s<0
0
st Beex p 2 0, t > p supp(t,s — p)/p(t — p, s) + /p(t, s)ds < 1, (11)
s<0
=P

a(t) +b(t) > 1, (12)

H CYLIECTBYIOT NOCIEA0BATENbHOCTh T — 400, uucna € > 0, §(g) > 0
TaKHe, 4TO

a(t) +b(t) — 1> 6 pnsa t € [y, 71, + €]. (13)

B kauecTBe mpocrpancTBa B BO3bLMEM M;)“ B pabore [3] moxasamo,

YTO NPH JAHHBIX NPEANONOKEHHAX HyJeBoe peueHue ypasuenns (10)

ACUMIITOTHYECKH YCTOWYHBO.
[TycTs Tenepn BMecTo ycnoBus (11) BulnonHseTcs ciepyiomee:

p(t,s) < pa(t)pi(s), 0 < pa(t) < 1, limyoyoopa(t) = 0.

Torpa dbyuxunounan g(t,p) = f_(_)oo p(t, s)e(s) ds ynosnersopsier ycaoBusm
(4). Orcioza, ucrnonn3ys TeopeMy 3 i peibLAY i [IPUMEp, 0JyYaeM, 4To
JIOCTATOYHBIMH YCTIOBHSIMH DABHOMEDPHOH aCHMIITOTHYECKOH yCTONIHBOCTH
HyJ1eBoro pemenusa ypasenns (10) asasaiorca ycnosus (9). 3amerum, 4o
Hi onpo u3 yciuosuit (9), (12)4(13) me sBusiercsa ciieacTBUeM Apyroro,
Hanpumep, ycaosust (12), (13) Moryr BbIIOJHATLCA AJ51 OTPHLATELHOMN
a(t), a dynxuun a(t) = B 41, b(t) = — 3L yI0BIETBOPAIOT YCIIOBHAM
(9), Ho He yznoBierBopsiOT yciuoBusiio (13).

IIpumep 3 ([19]). PaccmoTpum ypasrenne

i(t) = f(t,z(t — 7(t) + h(t,z), F(t,0)=h(,0)=0  (14)

B ¢azoBom npocrpancrse Cyp.
B pabore [19] nokasana sxsuacumnroTHuecKas ycroiuumsocts (B R)

HYJIEBOTO pelleHus: ypaBHeHust (14) npu ciieayionux mpe/nonosKeHusx:
0<7(t) ST VtE20(0<r <o) zf(t,2) < —a(t)z? Y(t,z) € R* x R:
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|h(t,z)| < fa(t) sup{|o(s)p(s)] : s <0} V(t,p) € R* x Cy,

rne0<6<1,0<o0(s)<1anas<0, o(s) = 0 npu s > —o0;
t 00
1-6

/ a(s)ds € ¢ € —— (m" = max{0,m}) Vt > 0, /a(s) ds = 0.

(t-r(t)* 0
(15)

PaccmoTpum — Temepb  9TO  ypaBHenwe B (gomycTumom)  pa3oBOM
npocrpancree UC,, g(s) = 1/0(s) (sicuo, uro Cy C UC,) n npeanosoxum,
YTO NpaBasi YaCTh yPABHEHHs Y/IOBJIETBOPSIET YCIOBHAM IPEATIONOKEHUA
1. Toraa wucnonb3ysi Teopemy 4 [3] m mapy JlamyxoBa-Pasymuxuna
(z2, ||g) (cm. Takxke [10]), MOXHO MOKa3aTh, YTO NPH €CIH BMECTO
(15) BeImonHsiercsi HepaBeHCTBO limsup, . a(t) > 0 n dbynkuusa a(t)
PaBHOMEDHO HENpPEepbIBHA ¥ OrPAHMYEHA, TO HYJIEBOE PElIeHHe yDaBHEHMS
acuMIToTHYecKH ycroitunBo B §2(X), a ciaenoBarensHo, mo Teopeme 1,
PAaBHOMEPHO ACHMIITOTHYECKH YCTOIYHBO.
ITpumep 4 ([6]). Paccmorpum B asosom mnpocrpancrse C([—1,0])
ypaBHEeHUe

\o

z(t) = —z(t) + f(t) | z(t+s)ds, (16)
sinmt t € [0,1);
f(t) — 0 te [22k,22k+1];

sin(k + 1)mt t € 22412242 £ =0,1,2,...

Oyukius  f(1) He sABIsSeTCA PABHOMEPHO HEMPEPLIBHOM, OJHAKO Ha
[OC/IeA0BATEILHOCTH HHTEpBAJOB [ty by + Tk), e ty = 2%, Tj = 2%, f(t)
yaoierBopsier npeanonoxenuio 1 u f(tx +t) = f*(t) = 0 paBHomepHo
na kaxjgom orpeske [0,T)]. Ilpeaeabnoe ypaBHenue, COOTBETCTBYIOLIEE
nociegoBarepbHocTH {tx}, umeer Bux @(t) = —x(t), u ero HyxeBoe
pelueHHe, OYEBMAHO, ACHMITOTHYECKH  ycToitumpo. PaBHOMepHas
YCTOHYMBOCTL HYyJeBOro pelienns ypasnenus (16) ycramaBanBaeTcs
Ha ocHoBe TeopeMmbl Pasymuxmia o6 ycroitumsoctu (4] mpu momomim
npocrefimeit gyuxknuu Jlanynosa V(z) = 2%. Orciopa 1o Teopeme 2
nosyyaeM SKBHACHMITOTHYECKYIO —YCTOHYMBOCTB HYJEBOTO —DEIICHHS
ypasuenus (16). 3amerun, 4To yciosue (5) Ajls NpaBoif YaCTH ypaBHEHUS

HE€ BBLITNOJIHAETCH.

71



Pyndarmermaavivie npobacmu mamemamury u mezanuxu. Boinyck 2(12), 2002

C apyroit cTopoubl, HeTpyaHo ybeauTnhes, 4To dbyHkuponan g(t, ) =
f(t) fflcp(s) ds ynosnersopsier yciosusam (4) ¢ b(s) = s u h(t) = 0,
I09TOMY HyJIeBOe pemerue ypasuenus (16) paBHOMEpHO aCUMIITOTHYECKH
YCTOIYIBO B CHJIY TEOPEMBI 5.

Moskuo paccmorpers 1 6onee obiee ypaBHeH#He

0
B(t) = X(t,2) + 10 [ 2(t + 8)g(s) ds,

rae gynxuna 1/g(s) yaosnersopsier ycnosusim (gl), (g2), B mpocTpaHcTse
UC,. Torpa B cumy TeopeMbl 3 HyJI€BOE peIIE€HHE 3TOTO YPABHEHHS
PaBHOMEPHO acHMMNTOTHYeckH ycroiumso, eciu X (t,0) = 0 u HyseBoe
pemenue ypasuenns &(t) = X (¢, z,) acumnroruvecku ycroitunso B (X).

JInreparypa.

1. Andpees A.C. Meroapl ucciaegoBanus yCTOHIHMBOCTH HEABTOHOMHBIX
ypaBHenuit. Yuebnoe nocobue. Yacre [. — Yapsauosck: pMI'Y, 1994.

2. Andpees A.C., Xycanos /[.X. Ilpenenvubie ypaBHeHusi B 3ajade 06
ycroituusocT dyHKUMoHAIbLHO-ANpdEpeHIATIBHOrO ypaBHeHHs [/
Huddep. ypasuenns. 1998. T.34. N 4. C.435-440.

3. Cedosa H.O. K merony Jlanynosa-Pasymuxuna st ypasHeHuit ¢
beckoneunbim 3anazgpiBanneM. [/ duddep. ypasuenus. 2002. T.38.
N 10. C.1338-1347.

4. Pasymuzun b.C. O6 ycrofiumBocTH CHCTEM C 3amasibiBaHueM. [/
IIMM. 1956. T.20. N 4. C.500-512.

5. Xeun Lo Teopus dbynkunonanbHo-auddepenmambHbIX
ypasHenuii. M.:Mup, 1984.

6. Andreev A., Sedova N. On the stability of nonautonomous equations
with delay via limiting equations. / Functional Differential Equations.
1998. V.5. N 1-2. P.21-37.

7. Artstein Z. Uniform asymptotic stability via limiting equations. / J.
Differential Equations. 1978. V.27. P.172-189.

72



H.O.Cedosa. Tlpeaenvhble ypapuens B H3y4eHUH aCHMITOTHUCCKON YCTONUHBOCTH. ..

8.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

Burton T.A., Hatvani L. On nonuniform asymptotic stability for
nonautonomous functional differential equations. / Differential and
Integral Equations. 1990. V.3. P.285-293.

Corduneanu C. and Lakshmikantham V. Equations with unbounded

delay: a survey. / Nonlinear Analysis, Theory, Methods &Applica-
tions. 1980. V. 4. P.831-877.

Haddock J. and Terjéki J. On the location of positive limit sets for
autonomous functional differential equations with infinite delay. / J.
Differential equations. 1990. V.86. P.1-32.

Hale J. and Kato J. Phase space for retarted equations with infinite
delay. / Funkcialai Ekvacioj. 1978. V.21. P.11-41.

Hino Y. Stability properties for functional differential equations with
infinite delay. / Tohoku Math. J. 1983. V.35. P.597-605.

Sell G.R. Nonautonomous differential equations and topological dy-
namics. / Trans. Amer. Math. Soc. 1967. V.127. P.214-262.

Strauss A. and Yorke J.A. Perturbing uniform asymptotically stable
nonlinear systems. // J. Differential Equations. 1969. V.6. P.452-483.

Kato J. Asymptotic behavior in functional differential equations with
infinite delay. / Lecture Notes Math. 1982. N 1017. P.300-312.

Kato J. Stability problem in functional differential equations with in-
finite delay. / Funkcialai Ekvacioj. 1978. V.21. P.63-80.

Kato J. and Yoshizawa T. Remarks on global properties in limiting
equations. / Funkcialai Ekvacioj. 1981. V.24. P.363-371.

Murakami S. Perturbation Theorem for functional differential equa-
tions with infinite delay via limiting equations, / J. Differential equa-
tions. 1985. V.59. P.314-335.

Terjéki J. On the asymptotic stability of solutions of functional differ-
ential equations. / Annalea Polonici Mathematici. 1979. V.36. P.299-
314.

73



——— e s T e

Dyndarsenmanvive npobacmu mamemamuru u mexaruxu. Brinyck 2(12), 2002

YIK 531.36

O CTABUJIN3AIINMN HECTAIITUOHAPHOTI'O ABN2KEHNA
TBEPJOTO TEJIA™

MN.A. Yynunosa (Ilepuesa)

Paccma’rpmsae‘rcn 3ajaua 0 CTAOMAU3AUMK ABHXKEHHS TBEPJAOTO TeJla OTHOCHTEJIbHO

HEeHHEPUMAJILHON CUCTCMBI KOOPAWHAT.

IMycrs O1€n( - wuHepumajbHas cucTeMa KoopauHar, Ozyz cucreMma
KOOPAMHAT, HEM3MEHHO CBs3aHHas ¢ TejoMm, Touka O coBmajaer c
ueHTpoM Mmacce Tena, Oafy - cucreMa KOOPAWHAT, COBEPLIAIONAd 33, JaHHOe
apuxkenne ornocureabio O1€nC. Ilycrs 3aganbl JBa OPTOrOHAJILHBIX OPTa
501 U Sp2, HEM3MEHHBIX B cucreme Koopaunar Oaf7y, ¥ mycTb 3aJaHbl ABA
OpPTOrOHAJILHBIX OPTa 7o ¥ T2, Hen3MeHHbIX B cucreme Ozyz. Tlonoxum

503 = 8p1 X Sp2, To3 = To1 X To2.

YpaBHEHUs] JABHIKCHUS TBEPJAOrO TeJla BBINHIIEM B CHCTEME KOODPAWHAT
Ozyz.

v

ma+w><v—F

I%+ax1a=1\7{ (1)
d5p;
%:-@xgm, i=1,2,3

31ech m - Macca Teja, U - BEeKTOp abCOMOTHO! CKOPOCTH LEHTPA MACC Tela
B IIPOEKLHMSAX Ha OCH chcTeMbl Koopaunar Ozyz, @ - BeKTOp abCOMOTHOMN
YIJI0BO# CKODOCTH T€Jjia B NPOEKUUAX HA Te Ke OCH, | - TEeH30p MHEepIUE
TeJla, F‘y - CYMMapHBI# BEKTOD BHELIHUX CHJI, AEUCTBYIOMMX Ha TEJIO, My
MOMEHT BHemHuX cuil. IlycTn

U= ij(t), W= (:Jp(t), 30.,; H fgi (‘

NPOrpaMHOEe JBUIKEHHE, KOTOPOEe 0DECreunBaeTCs YIpaBIsiOIUMHI CHIIC

F, n momenToM u M,

'Pafora Buinonnena npu unancopoit moamepxke nporpammbl " Yuusepcuterst Poceun” (npc
Ne YP.04.01.004).
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H.A. Yydunosa (Iepueea). O crabunnsaiin HeCTALMONAPHOTO ABMKCHHS. .

PaccmoTpuM 3aaady o6 onpefenenn crabumusupyiouteit cunbl Fgy = F —
F, n momenta My = M — M,, obecrneumBarommx acHMOTOTHYECKYIO
yCTONYMBOCTD 33aHHOTO MPOTPaAMHOr0 JBHXKeHHs. BBesemM BO3MyIEHUs

AT =T -0,(t), Av=a—mpt) (3)

[oncrasnss (3) B (1) momy4ynm ypaBHEHHsS! BO3SMYIIEHHOTO JBHXKEHHUS

dAv _
m% + D@ X AT+ A@ X Ty(t) + @,(t) X AT = Fy

dA& .
I—dtE + Aw x IAw + Aw X Twy(t) + wp(t) X AL = Mg (4)
§g,‘ = —(AG) + G)p(t)) X 8pi-

[ToxaskeM, 4TO NOCTaBJeHHas 3aja4a pemaerca, ecan Fy u Mg 3aaaHbl B
BH/JIE

st = —DA‘I_),

3
My=-BAo+) oi(foix50), ai=const>0, (i=1,2,3), (5)

i=1
rae B u D - maTpuipt 3 X 3
Hna dyukmun JIsnysosa B Bije

3
V= %[Aal DD +mATAD + Y ai(re — 50i)) (6)
i=1

Haitnem NPOU3BOAHYIO.
V = —A@BA® — ABDAT — AB(AD X ) (7).

Jlonycrinm, uro ynpasisiomue Marpuupl B i D soibpatbl Takum obpasom,
41O i

V < —Col(A@)* + (AV)?) <0,  Co= const >0
Vpasuenust, npeaeiphpie K (4)umeror suj [1-2]

m%ﬂ + A X Db+ D@ x Ty(t) + @, (t) x Av = Fy

dAw
dt

1 + A@ x 1A + Ao x Ia;(t) + @p(t) x IAD = M,
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50i = —(Aw -I-(D;(t)) X 50i.

[Tonaras B aTux ypaBHenussx Aw = 0, Av = 0 HaxoauM, 4TO MHOXKECTBO
{L@ =0, AD = O} COAEPKUT JIHILIb T€ PELICHHs CHCTEeMbI, JJIT KOTOPBIX
cieyeT KOJUTMHEeAPHOCTh BEKTOPOB 7o; U 5¢;. Corsacuo Teopeme U3 paboTel
[1], mmeeM cireqyrommii pe3y ibTar.

Teopema. ITycts 3amano nporpamuoe apukenue Tena - cucrema Oafly
asuxkercs: orHocuTeabno O1€n¢ no 3axkony ¥ = ,(t), @ = wp(t), 50i || Toi-
Torpa ynpasnenne (5) obecneunBaer peleHue 3a1aqu.
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VIIK 519.622

Ob OJHOM CITOCOBE BBIYNCJIEHU A OITEHOK
JIOKAJIBHON U T'JIOBAJILHOU OIIIUBOK /I
METO/I0B HOPJICUKA !

C.K. lIInuauuH

BBenenne

PaccMoTpum 3a1a4y Komn  ans CHCTEMBI OOBIKHOBEHHBIX
muddepeHaNbHBIX YPaBHEHHH

z'(t) = g(t, z(t)), =z(to) =m0, tE€ [to,to+ T, (1)

rre z € R, g : R® - R", nycTp Takke PyHKIMs g S+ 2 pa3a HENPEepPbIBHO
muddepennupyema. s gucienHoro pemenusi cucremel (1) BBegem Ha
orpe3ske [to, to + T'] npou3BOJILHYIO HEPABHOMEPHYIO CETKY

wy={tps1=te+7 k=0,1,.., K -1, txy =tg+ T}

C JAMaMeTpoM T = max 1{m}, M TPUMEHHM I-CTaiuiiHbIH MeTox
0<k<K -

Hopacuka
Xir1 = (PD(k)® L) X+ (1® L) (Tkg (trs1, Tha1) — (€] PD(K)®1,) X), (2)

rne I, € R™" - eguuuunas wmarpuua, P € RO+HUxE+D
~ Bepxmerpeyronbuas Marpuua llackama, D(k) € Rr+Uxr+D)
AMaroHajbHasi MaTpHia ¢ anementamu dii(k) = ;‘EE—I{, k=1,..., K — 1,
t = 1,...,r+1ma DO =11 = (lo,ly,...,.)T € R™! — exrop
koacdummenros merona Hopacuka n e; = (0,1,0,...,0)" € R™!, u
X(tk+1) = (m(tkH)T: Tkm!(tkﬂ)’rs "Tzi?m”(tkﬂ)Ta ceey .:_-—Efﬂ(r)(tkﬂ)T)T,

BekTop Hopacuka. Byaem cauraTh, 4TO CTapTOBOE 3HaYeHne Xg 3a7aHo.

"Pabora pmnosHena npu  uHaHcoBoi  nopuepxke  Poccumiickoro donpna
bynaamentanbubix uceaegopanuii (npoext No. 01-01-00066).
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Nssectno (cm. [3]), uro ycroitumsent wmerox (2) ¢ I, # 0,
3KBIBAJICHTEH HEKOTOPOH MHOrouraroBoit ¢opmyse ¥ HMeeT MOPsL0K
r+ 2 > s > r. Ogunako, npejacrasienue Hoppacuka mmeer Gosblioe
NMpakTHUYECKOEe 3HAYeHHWe, TaK KaK B ONIMYHM OT MHOIOIIAIOBBIX
METOJIOB TaKoe TpeJACTaBICHHE TMO3BOJISIET YA0OHO M3MEHATh Iuar
YHCJIEHHOTO MHTErpupoBanus. B HacTosiiiee BpeMsi OPOMHOE KOJTHMYECTBO
MpOrpaMM,  peajH3yIOUMX  MHOIOLIATOBBIE  METOABI,  HCIOJb3YIOT
HMEHHO 3TO MpeicTaBjieHHe. B WX 4mcie M mporpaMMbl JJisg BeCbMa
MONYJISIPHOTO MeTofa I'mpa, mpuMeHsomero mnpejcrasienne Hopacuka
115t MEOroaroBbix dopmyn guddepenipposanus Hazaz (eum. [1]).

Ouenka nokaapHOU M riobanbHOM ommbok meroma Hopcuka

Beenem dbynknuio

L(trsr1, X (t), 7) = X(tk41) — (PD(k) ® L) X (t)—
(1 ® In)(Tkg(tes1, 2(tes1)) — (e PD(k) ® 1,) X (),
(3)

Ha3bIBaeMylo HeBaskolf meroma Hopacmka (2). Borumras (2) us (3)
¥ npeHedperasi BeJIMYMHAMHU TOPsSIKA 0(723), INPUXOJUM K CJleaylonen
dbopmyne mis BeuHcaeHHA oMK MeTona, (2)

A-X'k+l = (In-(r-lpl] - (l ® In)T}:a;L'g(tk+l: zk-f-l))_] X
% (1 = ) PD(E) ® L)AXi + Litars, X(8), 7)),
(4)
k=0,...,K—1rme AX; = X(t;) — Xp u Az, = z(tr) — zx, a Lty €
R r+))x(n(r+1)) g [ € ROFDX(+H) _ enppiansie MmaTpunm:.
JlokanpHas MOTPEIIHOCT — €CTh IOIPEIIHOCTh, CAeJaHHAsI Ha, luare,

nojarast B popmysie (4) Bemmunny AX; = 0, u npenebperasi BesHunHAMHE
nopaaxa O(7%%2) nna raaBHOro uieHa JOKAJIbHON MOrPELIHOCTH UMEeM

s+1 __

V(te)e " = (Inr+1) — (I ® In)T029(tks1, Th1)) " L(tks1, X (8), i),  (5)

E=0..,,K —1

Enuncreennoit nemssectHoit Besmumuoilt B opmyne (5) ssisercs
HeBsidka Merona Hopacuka L(tger, X(t), 7). Hns ee Bburumcienus
BOCIIO/Ib3yeMCsl onpezienenneM nopsaka merona Hopacuka. Ussectno, uro
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meton (2) mmeer mopsimok s + 1 ecnm st Beex 3ajga4d (1) ¢ gocraTodHo
raaaKoif NpaBoif YacThIO CIPABEIIUBO OJHO U3 CIEAYIONIUX JBYX PABEHCTB

AXL—H = O( :+l), (63‘)

L(tks1, X (t), 7) = O(7i™). (66)
Pasnaras mnpaBylo uacts coorHomeHus (3) B psg Teitslopa B

OKPECTHOCTH TOYKH tri1, C y4eToM mopsigka Meroga (2) M ri1agkocTH

pemenust (1) ans HeBsisku Meroja (2) UMeeM CJEAYIOLIEE IPOCTOE
COOTHOUICHUE

s+1

G+1”

rae KomnoHeHnThl BekTopa L(s) € R™! onpegensitorcst u3 cooTHoLIeHMH

L(tk+1, X (), ) = (L(s) ® L) 532D (ths1) + O(2*?),  (7)

r

Lens(s) = b 3 (-1 mCTy — (-1, =0,

m=1 m=t

Henocpeacreennoe wucnonb3oBanue dopmyast (7) Tpebyer xopoueit
OUEHKM S + 1-0if mpousBogHo# TouHOro peueHust 3agaqu (1). IMokaxkem,
KaK, UCIIONIb3YA BeIUIMHBI X ) U Xj 41, IONYYUTh TAKYIO OLEHKY. 3aMeTUM,
yro Ana Beex Meronos Hopacuka cnpasenanBo paseHcTso I3 = 1 (em. [3]),
orkyzaa Lo(s) = 0 u 7z}, = 72’ (te1) + O(7572). Hanee Gymem oTaeabHO
pPacCMOTPHUBATL ABA Clyd4ad s =T U 8§ =17 + 1.

Utax, nycTb s = r, Toraa, npu ycnosun Xy = X (t,)+0(7°+2), oueBuano

s+1
—k__gle+) .= T s+2
s+ Ttkn) = +1(Tk%+1 (e] PD(k)®I.) Xx)+O(7; ) (8a)

[lycrs Teneps s = 7 + 1. 3amerum, uro B cuny cucremst (1), z/(t) =

Og(t,z(t)) + 9.9(t,z(t))g(t,z(t)), Torma, npu ycnoBuu X = X(t) +
O(75%2), umeem

,r8+1 2 g i
_—(Sj- 1)|$(3+1)(tk 1) = —:*_—2( 3¢g(tk+1,a:k+1)+
( = 0,g(trers Erer) — n)(é{n ® I) Xr41— (86)

-((62 ~ 2eT)PD(k) © y ) Xi) +O(ri*),

rze e; = (0,0,1,0,...,0)7 € R
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B 3akmniouenne 3roro paszena chopMyaumpyeM TeopeMbl 00 OLIEHKe
JIOKaJIbHOIT 1 riobanbHOil norpemHocTeit meroga (2).

Teopema 1.[Tyemov npasas wacmv 3adavu (1) s + 2 paz menpepvieno
Juddeperyupyema 8 oxpecmHocmu peutenus, a nopadox Ycmotinueozo r-
cmadutinozo memoda Hopdcuxa (2) r < s < r+ 1. Tozda, ecau cmapmosoe
anavenue X, 3adaro ¢ mownocmwo O(t°+), a nozpewmnocmy ecmapmosozo
anavenua AXy = X(tg) — Xy, ussecmna ¢ movwnocmwio O(7°+?), mo das
8cex cemox w, ¢ docmamouno manvim duamempom T dopmyaw (5), (7) u
(8) darom enaemvLl waer aokarvrOTU owubky memoda (2) 6 mowkaz cemxy,
ECAU UMEET MECTRO YMOYHEHUE NPUBAUINCEHHO20 PEULEHUR, . €.

-ik+l :Xk+1 +l1’(tk)7-!f+l: k=1- 1:"':K' (9)

Teopema 2.ITycmv npasas wacmo 3adavu (1) s + 2 pas menpepvigro
duddeperyupyema 6 oxpecmHoCcMU PeweHuR, a NOPAJOK YCmotiuueo20 T-
cmaduiinozo memoda Hopdcuxa (2) 1 < s < r+1 u s > 3. Tozda, ecau
cmapmoeoe ananenue Xg, 3adano ¢ mownocmwio O(7541), a noepewnocmyw
cmapmosozo snavenus AXy = X(tg) — Xo, ussecmma ¢ mownocmuio
O(7%%?), mo dan ecex cemox w, ¢ GOCTRAMONHO MAABLM OUAMEMPOM T
popmyna (4) daem owubky memoda (2) 8 MOUKAT ceMRU Wy € MOYHOCTIDIO
O(7°*1), ecau npu ewwucrenuu seaununee L(tyir, X (t),7) no dopmysam
(7) u (8) umeem mecmo ymounenue npubiudicennozo pewsenus, m.e.

X;H.] = X1+ AXpy1, k=1-1,..., K. (10)

Cnemyer ormeruThb, 4ro yciaoBue 7 < s < 7 + 1 He siBasercs
OrpaHHYUTE/IbHBIM, TaK Kak s Jioboro meroga Hopacuka mopsiaka
§ = 7T 4+ 2 Bcerjga MOXKHO IOCTPOMTb 3KBHBAJIEHTHbIE T + 1 u 7 + 2

craguiinpie MeToisl (cm. [3]).

HesiBHBIE MeTOIbI

PazuocrHoe coornomenune (2), pacmagaercs Ha r + 1 ypaBHeHue
OTHOCHTEJIbHO KOMIIOHeHT BekTopa Hopjacuka, npuyem ypaBHeHue
OTHOCHUTEJIbHO ZTky) SABJSETCA HESBHBIM, HCCIEAYEM BO3MOXKHOCTD
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HCIIONBb30BAHHA NPUOIMIKEHHOrO pelneHust 3ajgadd  (2) Ui OIEeHKH
IVIABHBIX YJICHOB JIOKAJLHOMW M II0OAIbHON MOrpenrHocTe.

O6oznauum uepes X = Xi(N) npubmmkennoe peuieHue 3a4a49u
(2) monyyennoe 3a N wurepaumii HekoToporo mnopuecca. I[IpuHUMadA
BO BHHUMaHWe TOT aKT, YTO B ONpeaeseHuH Meroma (2) HesBHBIM
SIBJISIETCS YPaBHEHHE TOJIbKO OTHOCHTE/BHO MEepPBOii KOMIIOHEHTHI BEKTOPa
Hopacuka, a1 4YHCIEHHOTO pelleHusl 3afadu  (2) NOpUMEHUM TpPH
ATEPAlMOHHBIX METOJAa — METOJ| MPOCThIX HTepauuit, meron HeioTona u
moauduurpoBanuslii Mmeroxn Hpiorona:

{Bi_,._]_ - C_;I‘+l-—l$i;i-11: 1= 132:---:N1 (11&)
7 )
Lx&l Z D+ 71, (9(%«1—1 _Z(j-—l)!m’:)’ g1 B, sy
= —
(116)
tis1 = Uk + i, m?c+1 = ﬁf’(tk+1)a k=1- 1, l: ERE K — 1, (llB)
Xk:Xk: k=0,1,...,l—1; (11[‘)
$L+1 = mI~+1 aFAH i(mk—l-l IFJ::H—Ixillli i=12,...,N, (12a)
T T j—1
Tk i 0) i (3)) -
Tmill—- }k J +Tl ( (mk-l-l)—zl(j_l)lmk ) %"—1:21---,?,
— j=
g (126)
tror =tk + 76, Top = He(ten), k=1-11...,K-1, (12B)
X=Xy, k=01,...,1-1 (12r)
-1 -
$L+1 . $L+1 aFLH !($L+1) Fk+1-£ Eapr ¥ 1,2, .oy, (13a)
- : 7?3_1 (7)
Imﬂl_ Jl; (J)-{-'rl( (wkﬂ)—;(j—l)'m’" ), DR N SR
= (136)
tk.|.]_ =tk+'rk, mk+l _'H (tk+1) k=1- l,l,...,K—— 11 (133)
szxk: k:[],l,...,l—l, (13[‘)

roe r 7_j—l G)
_ ) X T U )
GI:+1-—I$ — Z —-—-.’Bij + TZO (g(:ﬂ) JZI (J _ 1)|$L )
J'U B
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Ff.,, = I, - Gp,, n H(t) — orpesok pama Teittopa no
NopsiAKa T MOCTPOEHHLIH Mo KommoHeHTaM BekrTopa Hopacuka Xji. dna
YCKOPEHHsI CXOANMOCTH MPEJIOYKEHHBIX BbIllle KOMOMHMPOBAHHBIX METO/I0B
HCTIONIB3YeTCsl TIPEAUKTOP Tmopsiaka r + 1.

B cumiy TeopeM CXOAMMOCTH KOMOWMHMPOBAHHBIX METOAOB A/
auddepennpanbHo  anrebpanvyeckux CHCTEM ypaBHEeHuit s omubok
meronos (11)-(13) cnpasennuss creayiomue ouenku (cum. [2,4,5]):

X(t) = Xp(N)=0(7%), k=Ll+1,...,K, (14)

rae £ = min{N + ¢ — 1,p,s}, ( = min{r,p,s} u crapToBBIE 3HAYEHHUH
3ajanbl ¢ ToyHocTbio O(77), p > 1;

X(t) - Xp(N)=0(r%), k=L1l+1,... K, (15)
rae £ = min{({ +1)2" - 2,p, s};

X(ty) = Xg(N)=0(1%), k=Ll+1,... K, (16)
rae &€ = min{(¢( + 1)(N + 1) — 2,p,s}.9Tn OUEHKH SBISAIOTCS

OCHOBONOJATaIOMUMI JJ1s 060CHOBAHMS JIOKAJIbHO TI0OAIBLHOTO KOHTPOIS
pasMmepa Iara HMHTErpHpoBadusi. JlJisi BBIMMCIEHNHS [VIABHOTO JI€HA
MOrPEelIHOCTH MeToja HeOOXOAMMO 3HATh BEJHYHHBI Tj C TOYHOCTHIO
O(r**1). Bamernm, uro

X(tr) — X;;(N) = X(tr) — X + Xi — Xk(N),
II09TOMY JIOCTATOYHO NOTpedoBaTh, YTOOLI
Xk—Xk(N) = O(T‘Hl). (17)

Tak kak y Hac p = s+2 ur < s, To AJ1s1 uncia urepamuit merozaos (11)-(13)
COOTBETCTBEHHO CITPABE/JIMBLI CJIEYIOIIHE OLEHKH:

N>s—r+1, (18)
s+3
>
N2 10g2(r+2)’ (1)
g—ir 41
> —,
ol - rd (20
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YK 531.36

OB YCTOMYMBOCTH IIOJIOYKEHUS PABHOBECUSA
HECTAIIMOHAPHOW JINHEMHON MEXAHUYECKOU
CUCTEMBI 2

0.. FOpneBa

Ha ocroBe u3secTnbix pesyabsraTos pabor [ 1, 2, 3 | BoiBeAeHbl A0CTATOYHbIE YCIOBHS
ACUMNTOTHYECKOIT YCTONYMBOCTH HYJIEBOIO TNOJOMEHHSA PABHOBECHS HECTalMOHAPHOM
NUHEfHOM  Mexanmuyeckod  cucremsl. PaccMoTpeH  WacTHBIN  ciyvalf, Korja Ha
MCXAHHYECKYI0 CHCTEMY AeHCTBYIOT TOJBKO MOTEHIMAJbHBIC W AHCCHMATHBHBIC CHJIbI,
NPHYEM AUCCHNATHBHBIC CHJbI SBASIOTCA CHJIAMH YacTHYHON auccunauuu. [loaydeHHbIH
pesyabTaT passupaer pesyabrar paborsi [K.Iloxapuukoro [ 4 | B ciyvae, koraa
JeHCTBYIOIHE AHCCHIIATHBHBIC CHJIBI SIBJISIOTCS CHAAMM  HeHCHe3aloued YacTHYHON
AMCCHMALNH, a TaKxke paborsl [ 3 |.

PaccMoTpum MexaHHYECKYIO CHCTEMY, JBHXKEHHE KOTOPOI OMUCHIBAETCS
YPaBHEHUSIMH

i + B(t)i + C(t)Pz = 0. (1)

3peck ¢ — m-MepHbIT BekTOp 000bmeHHbIX KoopauHart, ||B(t)|| < b =
const, P = PT = const, C(t) = CT(t), ||C(t)|| £ ¢ = const — ectp
MaTpHIbl pa3MEpPHOCTell N X n, onpelessiomye JeiiCTBHe BHEIIHUX CHII,
JIMHEHHBIX OTHOCHTEJILHO CKOPOCTEeH W KOOPAMHAT.

Ha ocuoBe pesysibraroB paborst [ 1 | BbIBeseM JOCTATOUHBIE YCIOBHS
ACHMIITOTHYECKOH yCTOMYHMBOCTH HYJIEBOIO IIOJIOXKEHUSI pPaBHOBECHS
JAHHOM CHCTEMBEI.

1. Paccmorpum ciydaif, Korja Ha MEXaHHYECKYIO CHCTEMY AeHCTBYIOT
TOJNILKO TOTEHIHAJIbHbIE U JUCCHIIATHBHBIE CHJIbI

- Q4= -B(t)z, #TB(t)i <0,
Qp = _C(t)$= C(t) > cE, co=const >0, C(t) <0. (2)

Taxum 06pa3oM, 3aBUCHMOCTb IOTEHIMAJNbHBIX CHJI OT BPEMEHH UCYE3aeT
npu t = 400, ¥ NycTh

lim C(t) = C,

t—=+00 ( ) 0 (3)

2Pabora sunonnena npu dunanconolt nogepkke PODGU (mpoekr N 02-01-00877) u nporpammbl
"Yuueepcurerst Poccun” (npoexr YP.04.01.004).
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OueBuano, uro Cy > coF.

JlomyCTNM, YTO AMCCHUMATHBHBIE CHJIbI SIBJISIIOTCS CHJIAMH YaCTHIHOMN

JHUCCHNIALIMN 1O NEPBBIM M KOOPAMHATAM T1,Z3,...,Tm(Mm < n). Takum
obpa3oM, nMeeM

t+T
B < —b@)|&' 2 <0,  lim inf f b(r)dr > 0,

t—+oc0, T—+00
t
roe r! = (z; z3 ... :cm)T,b(t) > 0.

YpaBHEHUs1 ABMXKEHMSI CHCTEMBl MOrYT OBITH IIpUBEJEHBI K Cledyouiein
y

HOpMaJbHOM dopme
{ T
y = —B(t)y—-C(t)z

Beenem dpynkuwuio JIsnyHoBa THNa MOTEeHIHAIBHON SHEPTHH
/| 1
V= §yTy R imTC(t):c.

s ee mpou3BOAHOI B CHIIy YPaBHEHMH JBUYKEHHs] HAXOAUM OLIEHKY

V = —y"B(t)y + 2" C(t)z < —b(t)[ly'|I* < 0.

Il

Ha ocnoBanum pesynbraToB paboTsl [ 1 | MOXkeM yTBEp>KAaTh, YTO HYJIEBOe
NOJOXKEeHHe PaBHOBECHsI PAcCMaTpPUBaeMoOl cucTeMbl OyJeT paBHOMEPHO
ACUMIITOTHYECKH YCTOWYHMBBLIM, €CJIM MHOXKECTBO {y' = 0} me comepxur
peleHuit npeaeabHOi CHCTEMbI

T =y
y-—-—-Cg:L‘.

; 1,2 5
Boiaenum B 3T0# cucreMe nepeMeHHble 2!, z? u y',y%, npeacraBus ee B BUIE
1 1

T =
@ =y (4)
y! = —Coz' — Cpez
?,.12 — —-Cgé:r:l — 0032:2
Pemenue sroli cucrembl £ = z(t) Ha MHOXeCTBe {yl — 0} AOJIPKHO

YAOBJETBOPATH CJIeAYyIOIMM COOTHOIIEHHAM
1 204\ —
i'=0, z!(t)=xy=const, Conzo+ Coaz (t) =0,
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$2(t) = y*(t), 9*(t) = —Cpazg — Coaz’(t).
Obmiee penrenye ABYX TOCACAHNX CHCTEM YpaBHEHHH MOJKHO IPEICTABUTE
Kak cymmy oﬁmero pellIeHHsl COOTBETCTBYIOMUICH OJHOPOJHON CHCTEMbI
() y2(t), v*(t) = —CLz%(t) m 4acTHOrO MOCTOAHHOrO peleHHs
z’(t) = z3, Takoro uTo

2 2 =17 1
C 2170 + C{]:j:fo = e Ty = _CU3 0023:0.

1o yacTHOE pelenue copepx)urca Bo muoxecrse {Chzd + Cozd = 0},
eciM TOMBKO Ty = «f = 0 B CHIY NOJOXUTEIbHOU OIpPeIeSeHHOCTH
marpuupl Cy. Taknm o6pasom, pewenne cucremst (4) na muoxkecrse {y! =
0} ZOMXKHO yJOBIETBOPSITH COOTHOLICHUSAM

:I:l(t) = 0, ng$2(t) = 0,

BN D .2 2

z°(t) = y*(t), y°(t) = —Cosz*(t).
Huddepenuupys coorromenne Copz?(t) = 0 aBaXkapl, M, MOACTABIAS B
NOCJIC/IHEee COOTHOILIEHHE, M0JIyYaeM

00200352:2(5) = 0.

[ToBTOpsis 3TOT Mporecc AByKpaTHbIM AuddeperipoBanneM n — m — 1
pa3, MoJIy4aeM CJIeAYIOUIYIO CHCTeMY ajredpanvyecKux ypaBHEHHH

002322(11) = 0, COQCO3$2(i) = 0, 06"2_"1"10033)2“) =0

dTta cucreMa OyJeT MMEThb TOJLKO HYJEBOE PElUIeHHe, eC/Id mapa MaTpHI]
(Cos, Co2) Habnonaema.

Takum obpa3oMm, HMeeM CJIeyIOLi Pe3yJIbTaT.
HyneBoe mnosnoxkeHue paBHOBECHs pacCMATPUBAEMON  MeXaHHYECKOM
cucreMbl B ciydagx (2),(3) acuMOTOTHYECKM YCTOMYMBO, eCyim mapa
marpul (Cog, Coo) sBsieTcs nabiogaemoit.

[Tonyuennslit pesyasrar passupaer pesyiprar [K. INoxkapurxoro [ 4 |
B ClIydae, KOrjga JeiCTBYIOIIHE JHUCCHIIATHBHBIE CHJIbI SIBJISIIOTCS CHJIAMH
HeHucye3alolen 4yaCTHYHON AUCCUTIALUH.
2. Paccmorpum 3azady 06 aCHMOTOTHYECKOH YCTOHYMBOCTH IOJIOMKEHUS
paBHOBecust cucrembl (1) B obmem cmywae. [nsi sToro mnpexacraBum
ypaBHeHus (1) B ciepyiomeM BUje

{5 = LB-cps ©)
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Bo3bmem dyrakmmnio JIsnyHoBa ciemyiomero Buja

_1
B

1
4 yTC~ly + §(BTP£B

¥ JOMYCTHM, YTO MPOM3BOJAHAA 3TOH (DYHKIMM BHOIbL PEUIEHHI CHCTEMBI
(5) sBAAETCA HEMOJIOXKUTENLHOMN

V= —%yT[BTC"I +CTIB+CCC Y <0 (6)

Hynesoe mnonoxemue pasHosecuss ¢ = y = 0 cucrems (5)

6yzer paBHOMEPHO ACHMITOTHYECKH YCTOMYMBBIM, €C/IM Mapa MaTPHIL
(LO(t), A(t)) crporo Habmonaema.

31ech

L) = BTC-' + c-'B+C'CC.

Vrounum sri yeiosus. Haxomaum, 4T0 MaTpHuia nabsrionaemoctu S(t)
napst (L) (t), A(t)) nmeer ciepyiomuit Bij

0)

LOA+LO

(LOA+ LO)A+(LOA+ LOY
S(t) = | (LOA+ LO)A +2(LY + LOY A+ :
HLOA+ LOVA+ (LOA+ LOY

.(.L.(U)A-F L(U))AQn-l + e (D04 4 L(O))(2n-—1) |
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rae
0 O
)
0 LY
: 0 O 0 E 00
LOA 4+ 10) — l . "
029 || -cPp -B| T [0 1¥
0 0
0 (0
—Lcp 1§ - IO,
o [0 0 ] 0 0
LV =104 4 10 — =
* | B B8] Yep 18 1B
‘ : [0 0 ]
L® =1MA4+ L1 = 9 o | =
| Ly Ly |

[0 o 0 E ]+ 0o 0 ]_
=L ol l-or -]t 10 19"

0 0 ] 0 0 }
= 1 - (1 1 1 1) | = 2 2
i —L£2)CP + Lgl) L(21) o L(22)B + LgQ) ! ng ng)

Lo 0 0 0 E 0 0
L(3)=L(?)A+L(2)=l H ]4—[ : }=
LY Ly || -CP -B| " [ Ly Ly

0 0
- [ ~LGCP+ LY L+ Ly) - LB }
M TaK JaJiee.
Or6pocuB HyseBble CTPOKH B MaTpuue S(t), MOTyYuM MATPHILY

0 LY |
~Ly CP Ly ~ Ly B

s | -thepeiy ey |
-LIJcP+ LY ‘” - L B+Lm
_L£22n -1) CP-i- L;}n 1) L(2n 1) L222n 1) B 3% L (2n-1) |

rje ‘
Lg;) _ BTC—I + C-'B - C—lc—lc—l’ L(211) _ (U)CP

L= 1910, ¥ =LY -1fcp 1§ = 1Y) - LB+ Ly,
19 =@ - pep 9 =19 -@B+Liy, ..

L2n 1) _ L22]n -2) L(Zn 2) CP L2n 1) _ L222n -2) Lg.;n 2) B +L221n 2) -
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0.1.10pveca. OO0 yCTOHUNBOCTH HONOXKCHUS PABHOBECHST HECTALHOHAPHON ...

—

TaxuM obpa3om, A pPaBHOMEPHON ACHMMITOTHYECKOM YCTONYUBOCTH

gynesoro peurennsa ¢ = & = 0 cucremst (5) gocraTodHo, 4To6BI paHT
marpuisl S'(t) paBHsics 2n.
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VK 531.36

ON INVESTIGATION OF STABILITY BY MEANS OF
LYAPUNOV FUNCTIONS AND LIMITING EQUATIONS"

A. Andreev

Abstract. The problem on the asymptotic behaviour of solutions of
nonautonomous system is considered when the Lyapunov function with
semidefinite derivative exists. For this we make use the concepts of limit-
ing equations and functions which are limits of derivates. We prove some
theorems on the localization of limited solution sets of the original system,
on asymptotic stability and instability of a positive invariant set.

We define some conditions when the perturbations that converge to zero
do not influence upon the asymptotic behaviour of solutions and set stabil-
ity. For example, consider the second order differential equation, which is a
basic mathematical model of the representation of damped oscillatory phe-
nomena. The cited results develop and generalize the results of [5,11,16].
The generalization consists of the assumption, that the derivate and invari-
ant set depend on time. There are proved theorems on uniform asymptotic

stability.

Consider the system of differential equations
&=X(t ), (1)

where X (t,z) is a vector-function, X : R* x G = RP, R* = [0, +oo[, G is
an open area in the p-dimensional space R” of real numbers with the norm
| - ||- It is supposed, that the conditions of existence of system (1) solutions
hold in Caratheodory sense, i.e. X(t,z) is continuous by z for fixed ¢, is
measurable by ¢ for fixed z, and there is an estimation || X (¢, z) ||< A(t)
for each compact K C G where h is locally integrable function.

We assume that X (¢, z) satisfies the following condition : there exist such
numbers T = T'(a, K,u) and f = B(a, K,u) for each compact K C G, for

13Pa6ora euinoanena npu duxancosoit noguepxke POPHU (npoexrst Ne 02-01-00877, Ne 00-15-96150).
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each continuous function w :

R* = K and for any small @ > 0 that the
inequality

a+s

| [X(t,u(t))dt |> a (2)

a

for a > T implies | s |> B.

This condition implies every solution of system (1) z(t) € K with t > to,
is uniformly continuous.

Suppose that X(t,z) satisfies more strong restrictions of system (1)
precompactness : there exist such two local Li-functions p1(t) and pa(t)

for any K C , that for any z,y € K the following inequalities take place
| X(t,z) |< m(t), | X () — X (¢ y) |< pa(t) [z -y, (3)

and functions py and po satisfy the conditions

[miese [ mvas<, @)
E T

for any € > 0, any interval [7,7 + 1] C R*, each measurable set

E C [r,7 + 1] with measure m(E) < v(¢, K) > 0, and for any number

p = p(K). Under these conditions system (1) is precompact and regular in

the sense of the following definition introduced by [ ] and developed by [ ].
Definition 1. A system of differential equations

=Y(t,z) (5)

is said to be a limiting system to system (1) if there is a sequence
t;. — 400 such that for any sequence of continuous functions uy : [a,b] = G

([a,b) € R*) converging to the function u : [a,b] = G the the following
correlation holds :

b

[YTMTm-hm[Xm+MMMﬁ (6)

a

System (1) is precompact if for any sequence t, — +oo there ex-
ist a subsequence tp — +oo and a limiting system (5) such that
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Pyndamernmarvivie npobaemv. mamemamury v mezenuru. Buinyck 2(12), 2002

Xi(t,z) = X (tx + t,z) converges to Y (¢,z) in convergence (6).

The system (1) is called regular if for system (1) and every limiting
system (5) the initial-value problem has a unique solution for every pair
(tg, :B()) € Rt xG.

Let V : R x G = R be a continuous locally Lipschitzian by z. One
may determine the upper right-hand derivative along a solution of system
(1) for this function [12]:

V+(t2) = tim o V(t+h o+ h);;(t, z)) - V(t,2)

Suppose that V' is such function that there is a number f = B(K) for each
compact i C that for all (¢,z) € R* x K the following inequality is valid

V(t,z) > B (7)

Definition 2. Let £, = +oo be a sequence, t € R* and ¢ € R be some
numbers. Introduce the set V5!(t,c) as a set of all points z € , such that
for each of these points there is a subsequence ¢, — +o0o and a sequence
T — z so that kllr{.lo V(te +t,z1) =c.

In comparison with the definition of the set V3 '(c) = {z € G :
V(ty,zn) — c for z, = z and t, — +oo}, introduced by [6], the set
V5!(t,c) gives the possibility to localise the limiting set of solutions (1)
more precisely So, for the function V = (1 + sin’*(v%t)) || z || the set
{Vol(t,c):c=const}is {z: (1+a) ||z |=c,a=const,0 < a < 1}, but
the set {le( c):c=const}is{z:c<2| z|< 2}

Suppose that there is a derivative W : Rt x G — R* such that
V*(t,z) < ~W(t,z) <0 for all (,2) € Rt x G.

Definition 3. A function U : R* xG — R* is called limiting function for
W if there is a sequence ¢, — 400 such that whenever w; : [a,b] = G is a
sequence of continuous functions which converges uniformly to u : [a,b] —
G, the following equality takes place

b

/U( dt—hm/Wt+tun (t))dt

n—oo
a

Sufficient conditions for the precompactness of the set of translates
{Ws(t,z) = W(s +t,z),s € R*} are equivalent to conditions (3) and
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(4) for the precompactness of system (1).
Definition 4. The set {U(t,z) = 0} contains a function u :]a,b[— G if
d

f U(s,u(s))ds=0

c

for all ¢,d €]a, b[, i.e. if U(t,u(t)) = 0 for almost every one of ¢ € [a,d] C
[a, b[.

THEOREMS OF LOCALISATION OF POSITIVE LIMIT SET OF
SYSTEM (1) SOLUTIONS.

Theorem 1. Let X (t, z) satisfy condition (2). Assume that the function
V : R* x G — R satisfies condition (7) and the derivative satisfies the
inequality V(T)(t,a:) < —W(t,z) < 0, where the function W : R* x G
satisfies the conditions of type (3) and (4).

Then, if the set of limit points of solution z = z(t,ty,zo) of (1) is
defined for all ¢ > tq, Q*(z(t,t0, o)) ¢ OT , then there exists such number
¢ = ¢g = const that QF (z(t, to, o))NAT is the union of continuous functions
z=u(t):[0,b[= T, u(t) € {Vgl(t,c) : c=co} N{U(t,z) = 0}

by the sequences t, — +oo for all t € [o, b

This theorem completes and generalizes results of [6,7,14,17] because
dependence of U and V* upon t is taked into consideration essentially. For
example, the theorem on asymptotic stability of zero solution of Marachkov
type is the consequence of theorem 1.

Theorem 2. Assume that
(i) X(¢,0) =0;
(i) there exists the sequence of the intervals [tn, tn + b[ (tn = 400, b > 0)
on which function X satisfies condition (2) (i.e., this condition is valid in
the points {a:a > T,a € [tn,tn + b };
(iii) there is the function V : R* x G — R™ such that V(t0) = 0,
V(t,2) > ha(| 2 [),V*(t,2) <0 |
(iv) there are estimations V(t,z) < ha(| z |) and V*(t,z) < —hs(| z |) for
t € [ty,tn + b[.

Then the solution z = 0 of system (1) is asymptotically stable ( uniform
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by zg € K C G, if system (1) solutions uniformly depend on the original

conditions).

Hereafter h(:) is the function of Hahn.

Definition 5. Limiting system & = Y(t,z) and limiting function U(¢, z)
compose the limiting pair (Y, U), if they are limiting for one and the same
sequence t, — +00. The set V;!(¢,¢) defined by this sequence t,, — 400
is called set corresponding to the pair (Y, U).

Let (Y, U) be a limiting pair and V.S!(t, ¢) be a corresponding set. Denote
as M™(c) the largest subset of {V3!(t,¢) : ¢ = const} N {U(t,z) = 0}
which is the largest positive invariant subset of the set V.z!(t, c) relatively
the system z = Y'(¢,2). Let M (c) be the union M*(c) for all limiting
pairs (Y,U), M (c) = UM™*(c).

Theorem 3. Suppose that
(i) the function X satisfies conditions (3) and (4);
(ii) the function V' : R* x G — R , satisfying condition (7), has the
derivative ‘:’EB(t, )< -W(tz) <O,

Then if solution of system (1) z = z(t,t, z¢) is defined for all £ > ¢,
then the set of limit points of this solution Q*(2(t, ¢y, o)) C {M}(c) : c=
const} U Il .

Corollary 1. Let the conditions of theorem 3 be held . Then every so-
lution of system (1) z = z(t, g, zp), which remains in K C G, approaches
unlimitedly to {M}(c) : ¢ = const} as t — +o0.

Theorem 4. Suppose that
(i) there is function V : R* x G —= R' such that

Vi () < -W(t2) <0
(i) there exists a limiting pair (Yp, Up) such that the set {V3;!(t,c) : ¢ =
const > ¢1 2 0} N {Uy(t,z) = 0} contains no solution of the system
&= Y5(t. 2).

Then every solution of (1) that remains in K C G approaches unlimit-
edly to {M.(c) : ¢ = const < ¢;} as t = +o0 and, thus, simultaneously

lim V(t, z(t,t, z0)) = c = const < ¢.
t—+00

Theorems 3 and 4 improve and generalise the corresponding theorems
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from [9,11,16] about limiting behaviour on the base of Lyapunov function
with sign permanent derivative.

ASYMPTOTIC STABILITY AND INSTABILITY OF THE
INVARIANT SET.

We will consider the problem of the asymptotic stability and instability
of the positive invariant set respectively system (1), whenever the condi-
tions (3) and (4) are valid.

Let L = L(t) C K C G be a positive invariant set relatively the sys-
tem (1) : for every point zg € L(tp) the solution (1) z(t, 19, zo) is so that
z(t, to, zo) € L(t) for all t > ¢o.

From the inter-continual dependence of the solutions of systems (1)
and (5) we may obtain the following conclusion . Let t, — 4o0o be a
sequence and a point sequence z, € L(t,) converges to zo . Sequence of
the solutions (1) z = z(t,t,,z,) is precompact for t € [t,,t, + d]. There
exists subsequence t; — 400 such that zx(t) = u(t) : R* — G is uniform
by ¢ € [0,d], with the function = u(t) be a solution (u(0) = zo) of the
limiting system & = Y (t,z) (Xi(tx +t,z) = Y(t,2) as tx = +00). The
set Lt(t) = {z : = = u(t) for every u} is called the limiting set for L
relatively the sequence t; — +o0o. L*(t) is positive invariant set for the
system z = Y (¢, z).

We may prove the following theorems like the case z = 0 [2-4] .

Theorem 5. Assume that
(i) there exists a function V = V(it,z): V =V(tz) 20 for z € G/L,
Vit,z)<0forz € L ; ‘
(ii) the derivative of this function VJ)(t, z) < -W(t,z) <0;
(iii) every limiting pair (Y,U ) and set Vg I(t,c) are so that the largest
invariant subset M* of the set {V5!(t,¢) : ¢ = const 2 0} N{U(t,z) = 0}
with respect to system = = Y (t,z) is contained in Lt, {M*(c) : ¢ =
const > 0>} C L™ .

Then the set L* is asymptotically stable.

Theorem 6. Assume that
(i) there exists a function V' = V(tz)

Vi (tz) < -W(tz) <0

V(t,z) > h(d(z, L)),
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(ii) there is a sequence ¢, — 400 such that the limiting pair (Y, U) and
the set VZ'(¢, ¢), corresponding with this sequence, are such , that the set
{VSi(t,c) : ¢ = const > 0} N {U(t,z) = 0} contains no solution of the

system & = Y (¢,z) .
Then the set L is asymptotically stable uniform by z.

Theorem 7. Assume that
(i) there exists a function V = V(¢,z) : V(¢t,z) > Oforz € T/L, V(t,z) <0

for z € L, V is continuous by z uniformly respectively ¢ € R* in a

neighbourhood of the set L;

(i) the derivative V*(¢,z) < —W(t,z) < 0;

(iii) for each limiting pair (Y,U) the set {VZ(¢,c) :

{U(t,z) = 0} contains no solution of the system z =Y
Then the set L is uniformly asymptotically stable.

c = const > 0} N
(¢, z).

These theorems develop the results of [8,16] about asymptotic stabil-
ity and instability in the sense, that only one Lyapunov function, which

depends upon the time, is used .

PERTURBATION THEOREMS.

Consider the problem of the influence of the perturbation on the limiting
behaviour of the solutions of (1) or on the stability of the positive invariant

set L.
For this purpose consider system (1) together with the following pertur-

bation system
t=X(tz)+ Z(t ) (8)
where the vector-function Z : R x G — R* satisfies the same existence

conditions and condition (2) as the function X does.

Suppose that the perturbation is Z = Z; + Z,. The function Z; : R* x
G — RP is such that for every sequence t. — +oco and for each sequence
of the continuous functions wy : [a,b] — G, which converges uniformly to

u: [a,b] = G, the following correlation takes place :

b
Jlim / Zu(te +t, we(t))dt = 0 (9)

a
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The function Z; : R* x G — RP is such that for all (t,z) € R* x G the
following inequality ||Zs(t, z)|| < g(t) holds, where

o0

/q(t)dt < 400 (10)

0

For this perturbation Z the family of the systems , which are limiting to
the system (8), coincides with the family of the systems, which are limiting
to the (1).

Theorem 8. Assume that
(i) function V € C*(R* x G, R) satisfies the conditions of theorem (3);
(ii) the perturbation Z; satisfies (9) and the inequality (0V/0z) * Z; < 0
for all (¢,2) € R* X G;
(ii1) if there exists the pertubation Z, satisfying (10) then there is a number
@ > 0 such that ||0V/dz|| < @ for all (t,z) € R x G.

Then each solution of (8) z = z(t, ¢y, zo) restricted by the compact K C
T inlimitedly approaches the set {M;(c) : ¢ = ¢y = const} as t — +00.
(Here the set M (c) is the same as in theorem (3)).

The following theorem , in which G = R" is supposed to be determina-
tion area for systems (1) and (8), is the modification of the result above.

Theorem 9. Assume that
(i) there is a function V € C*(R* x RP, R) such that V(t,z) — +oo for
z — oo is uniformly respectively t € R* and derivative is the following
Viy(t,z) < =W (t,z) <0
(ii) the perturbation Z; satisfies (9) and the inequality (0V/0z) * Z; < 0
is valid for all (t,z) € R x G;
(iii) the perturbation Z, is valid and there is a number @ such that |
0V/oz |< Q(1+V) for all (¢,z) € R* x G.

Then each solution of system (8) ¢ = Z(¢, to, 2o) unlimitedly approaches
the set {M;"(c) : ¢ = const} as t = +00.

Similarly, one may consider the influence of perturbations of types (9)
and (10) on the stability of the invariant set relatively the system (1) .
Theorem 10. Assume that
(i) there exists a function V € C'(R* x G, R*) satisfying the conditions of
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theorem G;
(ii) the conditions (ii) and (iii) of the theorem 8 are valid .

Then the set L is eventually asymtotically stable relatively system (8)

( is uniformly by zg ).

Using the results of [15] the following theorem may be proved .

Theorem 11. Assume that
() p1(t) = const and py(t) = const in unequalities (3) ;
(ii) there exists a function V € C!(R* x G, R*) satisfying the conditions
of theorem 7;
(iii) the perturbation function Z satisfies the conditions (9) and (10).
Then the set L is uniformly eventually asymptotically stable relatively

to system (8).
Consider the second order differential equation
&+ k(t,z,2)z+p*(t)f(z) + 21(t, 2, %) + 22(t,z,2) =0

Consider the following set of assumptions.
(H,) For any continuous function z,y : Rt — R?2

(11)

b
/ Ikt 2(2), y(®))lldt < u(b — a)

where 1 : R* — R™ is continuous function , x(0) = 0
(H2) The function p € C'(R*, R*") satisfies the conditions :
0<p(t) <piforallte R* p(t) > po>0,t€ [ty t,+ h] (tn = 400, h >

0).
(H3) The function f: R* — R is such that if 2 — co then
F(z) = [ f(z)dz — +o0
0
(Hy) For all t € R* and (z,y) € R? the following inequality holds is
kt,z,y)  p(t)
> h(t) >0
PO e 22

where the function A : R — R™* is such that
t+T

lim inf/h(s)ds>0

t,7'—+oo

t
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(Hs) The perturbutions z(t,2,y) and 2zy(t,z,y) are such that for all ¢ €
R*, (z,y) € R? the following inequalities are valid ||z (t, z,y)|| < ¢:(f),

o0 t-+1
22t 2, 9| < ga(t) whenever [ ga(s)ds < +oo, [ qi(s)ds = 0 as t —
0 !
+00.

(Hg) There exists an interval [a, b] such that f(z) if and only if
z € [a,b].

Theorem 12. Let hypotheses (H;) — (Hs) be held , with ¢, — t, <
T = const and yz(t,z,y) > 0 for all t € R* and (z,y) € R% Then every
solution of (11) unlimitedly converges to the set of the balance positions
{£ =0,z = const : f(z) =0} as t = +oo.

Theorem 13. Let hypotheses (H;) — (Hj) be held, with
yz(t,z,y) > 0 for all t € R* and (z,y) € R%. Then the set of the balance

positions {¢ = 0,z = ¢ : a < ¢ < b} is globally eventually asymptotically
stable by (zg, &o)-

Theorem 14. Let hypotheses (Hy) — (Hg) be held . Assume in addition
that

(i) ||k(t, z,y)|| < ki for all t € R* and(z,y) € R%;
(i) p(t) > po > 0 for all t € R™.

Then the set {2 = 0,z = c¢: a < ¢ < b} is globally uniformly eventually
asymptotically stable relatively the equation (11).

Theorems 12-14 are the corollaryes of the theorem 9-10. They develop
the results obtained in [10] of investigations of equation (11).
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VK 531.36

THE STABILIZATION OF EQUILIBRIUM STATE OF
NONLINEAR HAMILTONIAN SYSTEMS

S.P. Bezglasnyi

Abstract. We consider a controlled nonlinear mechanical system described by the
Hamilton's canonical equations. We determine the control u acting to the mechanical
system which allow to the asymptotic stability of the equilibrium state of the system.
Sufficient conditions for asymptotic stability are derived. We solve the problem of sta-
bilization by the direct Lyapunov’s method and the method of limiting functions and
systems. In this case we can use the Lyapunov’s functions having nonpositive derivatives.

Key words and-Phrases: controlled mechanical system, stabilization, equilibrium state,

Lyapunov’s function, limiting functions.

1. Introduction

The behavior of many systems of importance in engineering practice is
governed by Hamilton’s canonical equations [1]

_0H(p,q)
=
OH(p,q) 17
dq
where ¢ = (q1,...,¢n)" is the n-vector of generalized coordinates, p =

(p1,...,pn)" is the n-vector of generalized momenta and H (p,q) is the
Hamiltonian of the system. Here T denotes transpose of a matrix.
We assume that

dH(0,0 dH (0,0
BHO,0) _ 0, oH(0,0) _ (18)
Op 0q
That is, p = ¢ = 0 is an equilibrium state of the system (17). It is well
known that p = ¢ = 0 of (17) is stable in the sense of Lyapunov [2] if

H(p,q) is positive definite. Indeed, along any trajectory of (17), we have

that 4 ®
dH(p,q) _(0H\ . [(OH\ .
i (aq) ‘”(55) ? (19)
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Using (17) in (19), we immediately see that dH/dt = 0. Therefore, when
H(p, q) is positive definite, the choice of the Lyapunov function V = H(p, q)
establishes stability of the origin of (17). Of course, stability of the origin
implies that for small perturbations in the initial state (¢(0),p(0)) the
motion of the system (17) remains bounded.

In many engineering problems, mere stability of the origin is not enough,
and it is required that the trajectory of the system converge to the origin
as time goes to oo if the initial state is perturbed from zero. For such cases,

additional control signal are provided in the system (17) to give a modified
system of the form

0H(p,q)

_0H(p,q) (20)

Where B is a constant n x m matrix and u(t) € R™ is the control. The
form of B depends on the configuration of the actuators in the system.
We are interested in obtaining control law of the form

u(t) = u(t, q(t), p(t)) € B™, u(t,0,0)=0 (21)

such that the equilibrium state ¢ = p = 0 of the system (20) and (21) is
asymptotically stable. Physically, selection of u may be seen as the problem
of providing appropriate damping (active or passive) in the conservative
system (17) such that the origin of the modified system becomes asymptot-
ically stable. However, for general complex nonlinear system, it is far from
trivial to find an appropriate control law to ensure asymptotic stability.
The problem of stabilization of conservative linear and a restricted
class of nonlinear Hamiltonian systems has been considered (3], [4]. Using
well known invariance principle of LaSalle [5], sufficient conditions for the
asymptotic stability and instability of the origin of nonconservative Hamil-
ton’s systems are derived in [6]. The problem of stability and stabilization
of equilibrium position of non-autonomous Lagrang’s systems are solved in
(7], [8]. In this work we will state and solve the problem of stabilization of
zero state (equilibrium position) of non-autonomous Hamilton’s systems
on the basis of the direct Lyapunov method [2] and the method of limiting
functions and systems of equations [9],[10]. This allows to extend the class
of the Lyapunov’s functions to the functions with nonpositive derivatives.
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The organization of the paper is as follows. Section 2 presents the prob-
lem of stabilization of equilibrium state of non-autonomous mechanical sys-
tem described by the system of differential equations in Hamilton’s canon-
ical form. Section 3 contains additional assumptions and constructions. In
section 4 we obtain and prove general theorems about the stabilization of
equilibrium position of Hamilton’s systems. The obtained theorems gener-
alize and develop the results of [6], [7], [8], [11].

2. Formulation of the problem

We consider a controlled system, the motion of which described by the
system of differential equations in Hamilton’s form

g (t,9,p)
o 2
OH(t (22)
s (ha9.7) | B,
dq
where ¢ = (q1,---,¢n)" is the n-vector of generalized coordinates in the
real linear space R™ with norm |g||, p = (p1,...,Ps)" is the n-vector of

generalized momenta, p € R" with norm |[p|| and H(t,q,p) is the Hamil-
tonian of the system. The right-hand side in (22) is defined for a class
U = {uft,q,p) : u(t,0,0) = 0} of control actions u(t,q,p) € C(G), G =
R* x T, where R* = [0,+00[, T = {|lq|| < L, ||p|| < L, L = const > 0}.
It is continuous and satisfies the conditions for the existence and unique-
ness of solutions in G. We now state the problem on stabilization of the
equilibrium position of system (22). Namely, we have to find the control
u(t,q,p) € U and the conditions on the right-hand side of system (22)
making the zero solution ¢ = p = 0 of (22) asymptotically stable.

3. Additional assumptions and constructions

Along the solution of (22), we have that

dH(t,q,p) (O0H\' . [(O0H\' . OH

= (%) i+ (%) 1%
OH\" (0H\  (0H\'( 0H N\ 0H _(0H\' OH
(3,;) (%)+(-5;) (‘a—q“‘ “)*at —(ap) Pt e
(23)
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We shall consider three classes of control vectors u? as given below

dH(t,q,
«L(t, q,p) = K—(qup-), D = BK + (BK)T <0 (24)
OH
WOt q,p) = K 2ZLL0D) - pre g (25)
dp
( T
Uil lf i (g‘{{) bz < Uiy
T op T
0 o0H _ oH
i — | 5= i i il B i i 26
U < (ap) b; ifujp < (3})) bi < ujs (26)
T
Uio 1f = (?_E) bi > uio
\ dp
where u® = (u),...,u%)" and B = (by,...,bn),

uy < ud(t) < ujp, un <0, uip > 0.

Suppose that for same u%(t, g, p) the right-hand side of (22) is bounded
on each compact set M C I' and satisfies the Lipschitz condition uniformly
in (g, p) with respect to t. Then it satisfies the precompactness conditions
in G in some functional space Fp [9] and with the system of equations
(22)one can associate [9] a family of limit systems

B 6H(t,q,p))'
—_— ap b}
" 27)
- aH(ta Q: p) * (
p=— ( 9 ) + Bu
for which
| t
6H(t, q}p) _ —d_ linl / (aH (tn + T, 4, p)) dT (28)
ap dt \ tn— ) ap

>
(Y -4 (s [ (Bopr02)0r)

t
lim /‘u(tn + 7, Q,P)d‘r) (30)
0
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Let by analogy function dH /dt (23) satisfies the precompactness conditions
in G in some functional space Fy and one can associate with it a family of

limit functions Q(t, g, p) defined by

Qt,q,p) = % (!31—?;0 [t (dH(t,, ;7’, Q,P)) dr) (31)

0

Continuous monotonically strictly increasing functions in the section [0,L]
such that h(0) = 0, that is, Hahn type functions [12], will be denoted by

h(llzl])-

4. Basic results
We shall present a solution of the above problem on stabilization of
equilibrium position of mechanical systems based on Lyapunov’s direct

method.

Theorem 1. Suppose that the following conditions hold for system (22)

with control function u%(t, q, p) (24) - (26):
1) all the functions in the right-hand side of (22) are bounded on the set

G for any L < oo and satisfy the Lipshitz condition with respect to (g, p)

for any L < o0;
2) Hamiltonian H (t, g, p) is a positive definite and admits of an infinites-

imal upper bound
h(ll(g,p)7I) < H(t,q,p) < ha(ll(g,)TII);

3) it is true along the solution of (22)

OH(t,q,p)
ot

4) for any limit set ((%—g) ,(08—‘:;’) ,u*,Q) corresponding to

(3” 9 0,41 ) the set {Q(t,q,p) = 0} does not contain any solutions

<0

Fﬁ': ?q': u-, dt
of the limit system (27), other than ¢ = p = 0.
Then u°(¢, ¢, p) (24) - (26) is a stabilizing control function for zero state

of system (22). Further, the equilibrium position ¢ = p = 0 is uniformly
asymptotically stable.
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Proof. Under condition 1 of theorem 1 equations of (22) with control (24)
- (26) are precompact and regular. Then the limiting equations to them
have the analogous form (27). Evidently, the zero state ¢ = p = 0 is the
solution of (22) with control (24) - (26).

For the derivative of the function V(t,q,p) = H(t,q,p) in view of (22)
with (24) - (26) we obtain the estimate

. . OH OH\ OH 1 [(6H\' OH\ OH
V‘?‘”‘H‘“"(a_p) B (G )"”at -3 (%) 2(%) 7

32)
: . oH oH 6H
Vigs) = Hag) < — Z u; + at < (34)

for all (¢, p) € R?** where H (24)-(26) denotes the derivative of H(t, g, p) along
the solution of (22) with control law (24)-(26).

The uniform asymptotic stability of the zero solution follows now from
theorem 3 in [10]. The theorem is proved.

Definition 1 [10]. The set HZ!(t,c) is a set of points (g, p) € R*™ such that
1s true

lim H(t,q,p) =c,

{—+00
where ¢ is a constant.

Theorem 2. Suppose that the following conditions hold for system (22)
with control function u°(t, g, p) (24) - (26):
1) all the functions in the right-hand side of (22) are bounded on the set

G for any L < oo and satisfy the Lipshitz condition with respect to (g,p)
for any L < oc;
2) Hamiltonian H(t,q,p) is a positive definite

H(t,q,p) = h(ll(a,p)"I);
3) it is true along the solution of (22)

0H(t,q,p)
ot
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4) there are numbers Ly and Ly (0 < Ly < L;) such that sup(H (¢, q,p)

when |[(¢,2) || < Lo) < I (Ly);
5) there is at least one sequence t, — oo for which the limit set

» +
ol o\ e e (OH OH 0 dH Y
((w,) , (Uq) U ,Q) corresponding to (ap, TRAE rﬂ.) and the corre

sponding set HZ'(t,c) are such that for any ¢ = ¢y = const > 0 the set
{HZ'(t,¢) : ¢ = ¢} N{Q(t,q,p) = 0} contains no solutions of the limit
system (27).

Then u’(t, q,p) (24) - (26) is a stabilizing control function for zero state
of system (22). Further, the equilibrium position ¢ = p = 0 is asymptoti-
cally stable uniformly in (go, po).

Proof. Under condition 1 of theorem 1 equations of (22) with control (24)
- (26) are precompact and regular. Evidently, the zero state ¢ = p = 0 is
the solution of (22). We have inequality (32) - (34) for the derivative of
H(t,q,p). By conditions 2 and 4 it follows that the solution ¢ = p = 0 is
stable. The solution of (22) from the domain I'; = {||(¢,p)"|| < Lo} will

be bounded, ||(q(t, to, g0, Po), p(t, to, g0, 20)) || < Ly for all t > t,.

Let (¢,p) = (q(t to,90,p0),pP(t,t0,q0,p0)) be a solution of (22)
in T'j. By condition 2 of the theorem and (32) - (34) H(t) =
If(i,q(i,t(},qU,pu),]J(t,t{}, (j(],p()))*—} Cp i].& t — —+00. L(:‘t tu — 400 be
a sequence determining ((%‘;—f) ,(%—‘g) ,u*,Q) and HZ'(t,c) such that
(q(tn), p(tn)) = (¢*,p") as t, — +o00. We form the sequence of functions

(Qrtk(t):pnk (t)) = ((I(tﬂk T t),p(t”k i t))

By [9] the sequence of functions {(gn,(¢), P, (¢))} defined for t,, > t; will
converge to a solution (¢,p) = ¢(t) :] — oo, +oo[— T of the system (27)
uniformly in each interval [T, T]. Taking the limit as tn, = +00, as in
[10], we obtain
o(t) € {HZ (t,c) : ¢ = co} N{Qt,q,p) = 0}

But by condition 5 of the theorem this is possible only if ¢y = 0. So along
each solution (q(t, Lo, q{),])g),p(t, Lo, Q{],pg)): (qg,pu) €'y of (22)

If(t: (I(t: tU: Q(J:pﬂ):p(t: tU: QO:pU)) —+0 as t— +00. (35)

It follows that the solution ¢ = p = 0 is asymptotically stable uniformly
with respect to (go,po) [13]. The theorem is proved.
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The obtained theorems develop the results of [6], [7], (8], [10].
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ON THE STABILITY OF THE GENERALIZED STEADY
MOTIONS "

Giancarlo CANTARELLI

Abstract. - Stability criteria for the generalized steady motions of rheonomic holo-
nomic systems with ignorable coordinate are provided. The Lyapunov direct method is
applied, by introducing two different Lyapunov functions. A mechanical example illus-
trates the theorems.

1. Introduction

Let us consider a holonomic mechanical system S with bilateral and
frictionless time-dependent constraints,n +m (n > 1, m > 1) degrees of
freedom and independent lagrangian coordinates given by the row vectors
(,2)T = (q1, .-y Gns 21,--, 2m) - The m coordinates z are called
ignorable, and the n coordinates q are called positional.
Let T = Ty, + T} + Tp be the kinetic energy of the system, being

T, = Titq,) = ;d'A(Q)a+5B (6a)a+32°Clta) 2

T, = Ti(t,q,4) = -4 g(t,q)—2 f(t,q)

Ty

Tﬂ(t: q)

(1.1)

All these functions are defined and of class C' on I x Q , where
I = (1, 00) for some 7€ R ,and Q is an open connected subset of R
containing the origin. Moreover, Ty is a quadratic form in the generalized
velocities, whose symmetric (n +m) X (n +m) matrix, written out into

bloks as
A(t, Q) B(tn q)

B7(t,q) C(t,q)
is positive definite respect to q.

Denote by IT = II(¢,q) the (generalized) potential energy of all forces
which are derived from a potential function. We assume that II(¢,q) is a
function defined and of class C* on I x Q.

_;‘Universitzi di Cagliari, Viale Merello 92 - 09123 Cagliari (Italy)
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The system may also be subjected to dissipative forces acting only in
the degrees of freedom corresponding to the positional coordinates, whose
lagrangian components Q7 = (Q1, ..., @) are continuous functions of
(t,q,q) € I x Q x R" . Moreover, let us assume the uniqueness of the
solutions of the Lagrange equations of the motion.

2. Routh equations
The ignorable coordinates give rise to the first integrals of the general-
ized momenta

0T

. T . T

'é_g = q B(taq) + ZC(t,q) - fr(t:q) = C (21)

where ¢ = (e, ..., cm) are m arbitrary constants. The integrals (2.1)
can be solved with respect to the ignorable velocities 2z

2 = C" (c+f-B q) (2.2)

Denoting as usual by £ the lagrangian function, the Routh function is

defined as

: 05 .
R(t,q,q,c) = [E = ——.ZJ (2.3)
0z 2=C™'(c+f-B"q)
which is the sum of the three terms Ry, Ry, Ry , being
[ : 1 .. - ,
Ry = Ryt,qd) = ;4 (A -BC'B')q

Rl = Rl(t:ng,C) — [(C + f)-j-chT 3 gf] q

Ro = Roft,ac) = Tolt,a) - () — 7 (e + 0'C (e +6)

(2.4)
The Routh equations
d OR OR ¥ .
W T o g S t: )
3i9q  9q - a9 -
¢ =0

possess m first integrals time-independent, which is right to construct
Lyapunov functions.
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—

Let us denote by || - || the Euclidean norm, and by S, = {q € R :

lall < p}, Sq = {a € R" : ||q| < p} with some sufficiently small number

p> 0. In the following of the paper we assume that there exists a constant
a > 0 such that

Ry(t,q,q) > al|g|*> on Ix Sq X Sq (2.6)
3. Hypothesis on R,

Let us consider the linear term in the positional velocities R; =
h'(t,q, ¢) q, where for semplicity we have put

hT(t,q,c) = (c+ f)TC_IBT - g (3:1)

In the present paper we assume that there exist two functions: a scalar
function v = w(t,q,c) defined and continuous on I xQ xR™, and of class
C%(t,q) , and a vector function h, = h,(q,c) defined and continuous on
QO x R™ | and of class C'(q), satisfying the following condition

T

d
h'(ta,0) = 7o + hi(ac) (3:2)
In [3] we have showed that, by virtue of condition (3.2), the Routh
function R(t,q,q,c) can be replaced by the following one

-~

| . . _ du(t,q,c
R(t,q,q9,¢) = Ry(t,q,q) + h,(q,¢)q + (Rﬂ(t*q’c)_ (a? ))

(3.3)
where the linear term in the velocity q

- % . T .
Rl = Rl(qach C) = hnr (Q1 C) q
s time-independent.
_ Therefore, under condition (3.2), we can construct a Routh function
R= Ry + R, + Ry such that
a Ry
at0

In the following, for semplicity, without further mention we will denote

by R the Routh function, assuming that this function satisfies condition
(3.4).

= 0 (3.4)
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4. Generalized steady motions
Let us assume that the following condition holds

{_ L i@] - (1)
dq i
q=0,c=c

dt

where h = h(t,q,c) is given by (3.1). This condition ensures that the
Routh equations possess the ”static”solution

qit) = 0, 4§@) = 0, ¢ = €, Vt>t, €l (4.2)

to which corresponds the following solution of the Lagrange equations

-1

qt) = 0, q(t) = 0, z = C, (t)(c+f£(), Vet>t el

(4.3)
(where C (t) := C(t,0), f(t) := f(¢0)) which is called generalized
steady motion [1,2].

The problem we are interested in is the study of the Lyapunov stability
of the generalized steady motion (4.3) which, under appropriate hypote-
ses [1 , 2], can be reduced to the study of the Lyapunov stabilty of the
corresponding solution (4.2) of the Routh system.

5. Basic identities

Let us put b = ¢ — ¢, and let us consider the following function
W = W(t,q,b), introduced by the author in [3]
W(t:Q:b) = [_ RU(thI C) + R{)(taolc)](::é-}-b (51)

We show that along every motion of the mechanical system the following
two identities hold

d ; 7, d ow
d 5 T 0 ow .

6. First Liapunov function

Let us define the set S, = {b € ®™ : ||b|| < p}, with some sufficiently
small number p > 0.
Teorema 6.1 — If the following conditions are satisfied
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(i) the partial derwatives ——— are bounded on I x Sg X Sp;
(it) the function W(t,q,0) is positive definite in q;

(iti) a scalar function p = p(t) > 0, defined, bounded and of class C’
on I, exists such that

oW _ p(t)

W S p(t)W m IXSqXSb (6.1)

T, p(t) ORy, .
Qgq < ;(_t—)R2+W in I x Sq %S4 (6.2)
then the generalized steady motion (4.3) is stable with respect to q q.

Moreover, if the following further conditions hold
(w) the coefficients of the quadratic form Rs(t,q,q) and the partial

derwatives 5 are bounded on I x Sg;

(v) the first integrals (2.1) are uniformly continuous in corrispondence

to the generalized steady motion (4.3) and the function z = 2(t,q,q,c)
is uniformly continuous 1in corrispondence to the “static”solution

q=0, =0, c¢ = ¢ then the generalized steady motion
(4.3) 4s uniformly stable with respect all the variables q, q, 2.

We can prove the theorem by choosing as Lyapunov function

1

V(t,q,q,b) = max {TT@ Ry + W], ||b|1} (6.3)

and verifying that all the conditions of Corollary 5.1 in [1] are satisfied.
In particular, it is easy to verify that the Lyapunov function (6.3) is

positive definite in q, q, b. Moreover, taking into account identity (5.2),
and the hypothesis dR;dt = 0, we obtain

£ e -

i 1 T, J Rs ow
—;)2(—&[122+W]+5@[Qq—6t+at]=
1 [+, ORy  OW _p(t) o _ p1)
=§(T:)'{Q‘1"_522+6t o(t) p(t)}
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from which follows, by virtue of the conditions (6.1), (6.2) of the theorem,

d 1
— — W]y < ' - :
77 {p(t) [Ry + ]} < 0 (3 IXSqXSqXSb (6.4)
and this implies that the total derivative of the Lyapunov function
V(t,q,q,b) is not positive on the set J X Sq X Sq X Sp.

7. Second Lyapunov function

In the present section we denote by Wy = Wy(q,b) a scalar function
defined and of class C! on R" x ®™ and by P = P(t,q,b) a scalar
function defined and of class C* on I x ®" x R™.

Moreover, we assume that there exist two real constants Py and P

for wich _
0 < B < P0,00) < A < o
and that the derivatives Py(t,0,0), P,(¢,0,0), Py(t,0,0), Py(t,0,0), Pu(t,0,0)
are bounded on /.
Remark 7.1 - The previous conditions ensure that for every

e > 0 there exists a p = p(e) > 0 (and consequently, two sets
Sq={beR™: |q]| <p} and S, = {beR™ : |b| < p} ) such that

P(t.a,b)  FB(t0,0)
P(t,q,b) ~— P(t0,0)

—e on IxSgxSy

Putting p(t) := P(t,0,0) , we obtain the following theorem.
Theorem 7.1 — If the following conditions are satisfied

(i) the partial derivatives 35 7 bounded on I X Sq X Sp;
oW oW,
Fqbab) = Phab) Fab) on IxSyxSp (i

(i) the function Wy(q,0) is positive definite in q;
(w) a real strictly positive number € exists such that
. _OR p(t)

Vs & e A% I :

Q'q < 3¢ T i Ry, on IxSqxS4

then the generalized steady motion (4.3) s stable with respect to q, q.
Moreover, if the following further conditions hold
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e

(v) thf:,9 (‘:oeﬁczent‘; of the quadratic form Ry(t,q,q) and the partial deriva-

tives are bounded on I x Sg;

(vi) the first integrals (2.1) are uniformly continuous in corrispondence

| to the generalized steady motion (4.3) and the function z = z(t,q,q,c)
is uniformly continuous in corrispondence to the "static”solution q =
0, =0, ¢ = c, then the generalized steady motion (4.3) is uniformly
stable with respect all the variables q, q, z.

Also this proof is based on the Corollary 5.1 in [1]. We choose the
following Lyapunov function

Vita.ab) = mw{mfe(t asdl} + Wald,b) , nbn}

Easily we see that this function is positive definite in q, ¢, b. Moreover, by
deriving with respect to time we have, taking into account identity (5.3),

d
1 (PR2 + W“) =

1 ORy _OW .\ OWo, _
1 T, aRg BW . 1 ; 8Wg ]
A _ _ — Z (P + P4 Ry + P
P[Qq TR T 5 (P + Fqq) R 9q 9

on I x Sq % Sq X Sp
from which follows, by virtue of (7.1),

d 1 T (9R2 1 .
dt( R2+W(}):__[Q Q—W“‘ﬁ‘(ﬂ‘f‘PqQ)Rg]
inl x Sq X Sq X Sp (7.2)

Let & be the constant satisfying condition (v). We can choose p =
p(e) > 0 appropriately small, in such a way as to obtain the following
two inequalities (for the first one, see Remark 7.1)

Pt(taQ1b) > ?_(_tl - E
P(t,q,b) — »p(t) 2
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Pq(t1Q1b)q €
< = .
Pltqb) = 2 on I x Sq X Sq X Sb

By virtue of such inequalities we see that

PO _ . . Btab) + Klteb)g . Sq X S X Sp

p(t) - P(t,q,b)
Therefore the condition (iv) of the theorem implies that
Qq < %%+%(H+PqQ)R2 tn I'x8, xS5% 8
and thus we finally obtain, by virtue of (7.2),
d (1
E(ER2+W0) S 0 on IxSgxSqgxSh

As in the previous case, we so recognize that the total derivative of the
Lyapunov function V/(¢,q,q,b) is not positive on the set I x Sq X Sg X Sp.

8. Example
Let 5 be a holonomic mechanical system composed by a thin rod,

whose ends are A and B, by a circular ring, whose center is C', and by
an element P.

The system S is moving on the horizontal plane Ozy of an Earth
frame Ozyz, whose z axis is vertical. The end A of the rod is fixed on
the origin. This constraint is realized by a cylindrical bearing. The other
end B is overlapped to an element of the ring, and also this constraints is
realized by a cylindrical bearing. The element P is constrained to move
without friction on the ring.

Let ¢ = £(t) be both the lenght of the thin rod and the radius of the
ring. By m we denote the mass of the element P, while for simplicity
we assume negligible both the mass of the thin rod and the mass of the
circular ring.

Finally, we assume the scalar function () of class C*(I), and such

that

a) two real constants ¢, > 0 and ¢, > ¢ exist such that
(, < Lt) < ¢ in I

b) 4(t) < 0 in I;
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s

¢) lim £(t) = 0;

=00

€(t).
d) areal constant y > 0 exists such that -—é—(()—)f(t) <4 in I
t

Let ¢, 1 and 9 be respectively the angle between AB and the z
axis, the angle between BC and AB , and the angle between C'P and
BC.

Disregarding the terms only depending on the time, we obtain the fol-

lowing Lagrange function
L(t,9,4,9,9,¢) = %mEQ(t) 92 + me(t) (1 4 cosd)¥® +
mE(t) (1 + cosd) 9 + me() [+ cosd + cos(d + )| T+
+mé(t) [2 + 2 cosd + costp + cos(¥ + 11’)] Ve
+2 m €(t) [3 + 2 cos®d + 2 costp + 2 cos(d + 11’)] o* —

2
— mee) () [sind + sin(@ + p)| 9
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— m{(t) {(t) [sim,b + sin(d + z/;)} W + me(t) cosV +

+ me%(t) cosyp + mE(t) cos(d + ¢) (8.1)

We observe that the lagrangian coordinates ¥ and 1 are po-

sitional, while the lagrangian coordinate ¢ is ignorable. Thus, it is
T
a =@,v), z = (p),

1 1 + cos?d
A = mé(t)
1+ cosd 2 + 2 cosd

1 + cosd + cos(d + %)
B = m(t)
2+ 2 cosd + cosyp + cos(d + )

& = mg?(t) [3+2C0519+QCOS¢+QCOS('I9+¢):I

. sind + sin(d + )
g = ml(t)L(t)
siny + sin(¥ + ¥)
and f = 0.
The quadratic term Ry of the Routh function is given by

o anl Qg2 9
(9, %) ,
Qa1 Qo ('
where

2
oy = me [1 ~ [1 + cosd + cos(d + ¥)]
3+ 2cosd + 2 costp + 2 cos(d + 1)

Bo= i (A = BC"B"') g, =

B | =
B =

Q2 = Qg = ?’nf?(t) [1 + cosv —

~[1 + cosd + cos(¥ + ¢)] [2 + 2 cosd) + costp + cos(I + %b)]:l

3+ 2cosd + 2 cosyp + 2 cos(V + )

2
Qgp = mfz(t) {2 + 9 costd — [2 + 2 cos? + cosy + cos(d + 11,)} |
34+ 2cos?d + 2 costp + 2 cos(d + V)
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and the terms Ry and R; have the following expression

Ry = me(t) [cosd + cosyp + cos(d + )] —
1 g
2 me%(t) [3 + 2 cosd + 2 cosy + 2 cos(? + )]
I 1 + cosd + cos(d + )
b= 3+ 2cos? + 2cosy) + 2 cos(d + 1)
~ me(t) (t) (sind + sin(d + )] 9

2 + 2 cos?d + costp + cos(d + ) "
3+ 2cosd + 2cost + 2 cos(d + o)

C—.

~ me)i(t) (siny + sin(@ + 9)| ¥
We then recognize that condition (3.2) is satisfied by choosing
o(t,0,9) = m(t)£(t) [cosd + cosyp + cos(d + )]
and |

1 + cos?d + cos(d + o) .
3 4+ 2cos? + 2 cosy + 2 cos(V + )

h,(9,9,¢) =
2 + 2 cost + costp + cos(d + )

3+ 2cosd + 2cosy + 2 cos(d + 9)

Consequently, it is possible to construct the "new”Routh function R
given by (3.3), whose linear term in the velocities R; = h.q is time-
independent, and whose therm Ry = Ry — 0v/0t is given by

Ry = — ml(t)€(t) [cosV + costp + cos(¥ + )] —

1 c?
) m2(t) [3 + 2 cosd + 2 costp + 2 cos(I + )]
1

It is easy to verify that the Routh equations possess the oo® solutions

It) = 0, Pit) = 0 VeeR (8.2)
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to which correspond the following generalized steady motions

0) = 0, %) = 0 g) =

C

Fix avalue ¢ = ¢,and put b = ¢—¢. The function W defined by
(5.1) has the following expression

(c+b)* 3 —cosd — cosyp — cos(d) + )
W(t,9,9,0) =
(t,9,9,b) 9me2(t) 3+ 2cosd + 2 cost) + 2 cos(d + )

—m{(t) £(t) [3 — cos? — cosyp — cos(d + )]

The results obtained by applying Theorem 6.1

Conditions (i) of Theorem 6.1 is satisfied. Moreover it results on Saqs
1.e. in a neighbourhood of ¥ = 0,4 = 0 :

(¢ + b)? ]

Wit 9,9,b) = sime ~ ™| + 9+ 0y) + [> 2

where [> 2] denotes the terms of order greater than 2 in ¢ and V.

Fix ¢ #-0. By virtue of condition c), for every real constant k, such

that
2

0 k
S E < 81m £2 (8.4)

a constant T' appropriately large, and a constant p > appropriately
small exist such that we have

W(t9,9,8) 2 k (8 + 9" +99) , 2T, V(9,9) € S, Vb € Sp

(8.5)
and thus also condition (ii) of Theorem 6.1 is satisfied, for every ¢ 2.

The partial derivative respect to time of the function W is given by

fi(t)

and thus, taking into account conditions b), c), d), for every constant ,
such that

. c+b)? . ¢
%’- = {(t) { [2ng3 (i) +mi(t) + mf(t)—.—(t—) (9 + 92+ 9¢) + > 2]}

22

k, > BIm + ymd, (8.6)
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a constant T appropriately large, and a constant p > 0 appropriately
small exist such that

ow :
S < -k, (9% + 92 + 99) , V¢ > T, ¥(3,9) € Sq, Vb € Sy
67)
Put g
k, 2 81 m* L
k = TC: g—l e P (88)
Comparing inequalities (8.5) and (8.7), we recognize that
oW -

and so condition (6.1) is satisfied by choosing
p(t) = poexp (RUT) - KDY, VE2T

where p, is an arbitrary strictly positive real constant.
In regard to condition (6.2), it is enough to notice that

Ry,  2((t)
ot )

from which follows that condition (6.2) is verified if the power of the dis-
sipative forces satisfies the following inequality

QTq < (Eé_) - k) E(t) Iy V(t,ﬂ,’tf),’[g,'d),b) € [T}OO)XSqXSqXSb

The results obtained by applying Theorem 7.1
The partial derivative , respect to the positional coordinates, of the
function W are

oW ( + b)? 1
L) m (2(t) [3 + 2 cos¥ + 2 cosp + 2 cos(¥ + '4))]2

" mf(t)f(t)} [sinﬂ + sin(d + WJJ)]

ow _ Je+b)’ .
m2(t) [3 + 2 cos? + 2 cosyp + 2 cos(d + ¥)]’
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- me(t) )} [sing + sin® + )]
Consequently, putting

P(t,q,b) = P(t;ﬁ:d)!b) =

(¢ + b)? 1 .
— md(t) Lt
m C2(t) [3 + 2 cosd + 2 costp + 2 cos(¥ + 'tb)]2 A

(8.9)

and
Wio(q) = Wy(9,¢) = 3 — cos?d — cosyp — cos(d + 9)  (8.10)

we recognize that the following identity holds

oW O W,

and then condition (7.1) is satisfied.
Moreover, the function Wj(9,1,0) is definite positive respect to ¥
and ¢ , and thus also the condition (ii) of Theorem 7.1 is satisfied.
Finally, we verify that the condition (iii) of Theorem 7.1 is satisfied
when there exists a real constant € > 0 such that

o s [(Qg(t) — k) é@t) — s] Ry, Y(t,9,%,9,4,b) € [T, 00) x Sq x Sg X Sp

where k is defined by (8.8).
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Introduction
The concept of relative stability (Lakshmikantham [7]) is concerned with

two differential systems

(A) 2= f(t,z), z(t) =2 (B)y=g(ty), y{t)=y
where f, g € C[Rx R", R"]; z(t) = z(t,t',2') and y(t) = y(¢,t,y’) are two
solutions of (A), (B) respectively.
It is well known the following

De finition: The two differential systems (A, B) are said to be relatively
equistable if, for each € > 0 and ¢’ € R*, there exists a § = §(t',¢) > 0
such that the inequality ||z’ —3'[| < § implies that ||z(t)—y(2)|| < €, Vt > t,.

We introduce here a new type of stability where variations of second
member of the equations (A), (B) are also taken into account [1],[12].
Hence we consider the two differential systems

(A) & = f(t,z)+ F(t,z); (B)y=g(ty) +Gy)

where F, G € C[R x R", R"] will play the role of perturbation terms during

the motion.
In the present work we mix the previous relative stability with the total

stability (Malkin [11] and Gorsin [3]) and the stability in term of two

measures (Movchan [14]).
The fundamental aspect of its proof togheter with ideas of Liabunov’s

[10] direct methods are extended to some Malkin’s [11], Oziraner’s [16],
Savtchenko’s [22] theorems.
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For this purpose we use the technique of parameter function family

(Matrosov [13], Rouche[17], Salvadori [21]) coupled with the topological
limit theory (Cartan- Silov [23]).

The purpose is that of renuncing, when possible in the theoretical devel-
opments, the use of the definite and semidefinite functions.
1. Preliminaries.

Denote N* = (1,2,...); R =]—o00, +o0[; I = R* = [0, +o0[; I' =]0, +00;
|-| =normin R; R' = R || || =norm in R'; R" = R'x R'; 0A = the bound-
ary, A" =closure of set A; C =continuous functions set; C' =continuous
functions set with continuous derivatives; die[A, B] =euclidean distance of
sets A, B. If S(¢',z',y') = 0 then (t',2',y) is a singular point of S.

Let us begin by defining the following classes of non trivial functions,
the classes of sets and also the topological limit concept for future use.

K = {a(u) € C(I, I) strictly increasing: a(0) = 0};

H = {h(t,z,y) € C(R x R",I) so that inf h = 0 Vt € R},

Q(s) = {(t,z,y) € Rx R": h(t,z,y) < sgiven h€e H, s> 0}
Q'(t,s) = {(z,y) € R” : h(t,z,y) < s for fixed t € I,s > 0}.

Since 0 < s < 8’ = Q(s) < Q(s') the set of sets {Q(s)} represents a
Cartan-Silov direction [23].

We say that lim h = 0 implies lim V' = 0 if and only if for every Silov di-
rection such that limh = 0 we have limV =0 (in short h = 0=V = 0).
BK = {b=b[t,h(t,z,y)] € C(Rx I,I) : limh =0 = limb = 0};
BL={V =V(t,z,y) € C(Rx R",R)};

BL' ={V =V(t,z,y) € C'(Rx R",R)};
BL"={g=g(t,z,y): I x R = I};
CL = {S=S(t,z,y): Rx R" =1 with number of singular points < 1}.

Assumption 1.1. Given h',h € H assume that: i) I\ > 0, m € K so
that (s.t.) K (t,z,y) < A = h(t,z,y) < m{l'(t,z,y)] < m(A) (we say that
K is uniformly finer than h [9]); 2i) in the sequel Ve > 0 will be equivalent
to Ve : 0 < € < sup h(t,z,y).

Assumption 2.1. Suppose that given (t',2') € R x R’ there exist two
solutions ¢ = z(t) = z(t,t'?), y = y(t) = y(t,t',2') of (A’) and (B’)
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respectively that are defined for ¢ > t'.
What is known as Liapunov’s [10] direct method, for the study of stabil-
ity, makes an essential use of auxiliariy functions, also called Liapunov-like

functions. Let V(¢,z,y) € BL'; denote

. _ov 6V 8V
the derivative of V' respect to the systems (A,B) and(Malkin’s formula)
o . OV 9V
V'(t,x Vi=V4—F4 .
(t,2,y) = + 5. F T yG (2.1)

the derivative of V' along the solutions of the perturbed equations (A’,B’).
Definition 1.1. The systems (A.B) are said to be relatively (R, h)-
totally functionally stable (RT) if Ve > 0][V¢ € I][30 > 0][3S €
CL)Vz',y' € R : W(t',2',y) < §)IVF,G € BL" : |F|| + ||G|| £ S on
Q(€)] we obtain h[t,z(t),y(t)] <€, Vt > t'.
Definition 2.1. The systems (A,B) are said to be RT on average if
[Ve > 0)[vt' € I]VT > 0][36 > 0]3¥Y = ¥(t) > 0] [V o',y € R

t+T

W(t,2,y) <8 |V F,G € BL" - / {sup(|F|l + [|G1l] on Q(e)}dr < U(T)]

we have A[t, z(t), y(t)] < e Vt > t'.t

De finition 3.1. The systems (A,B) are said to be eventually relatively
(W', h)-totally functionally stable or eventually RT if [Ve > 0][3S =
S(t,z,y) € CL|[3T > 0] [V F,G € BL” : |F|| + ||G||) < S on Q(e)] [V
t'>T], [36 > 0][V z',y' € R': K'(t',2',¢/) < 8] we have ht,z(t),y(t)] < e,
Vi>t.

Let ¢ =suph; @ = {(t,z,y) : h(t,z,y) < ¢}, 0 < g = g(¢,2,y) € BL",
o = p(tz,y); T =T(tay),V = V(t,zy), W = W(tz,y) € BL,
Z =Z(t,z,y) : Ix R" — R* (k > 0 integer) be a vector function: let ¢ > 0
denote E(p < ¢) = {(t,z,y) € I x R" : p(t,z,y) < c}, for every t € R
denote Ey(p < c) = {(z,y) € R” : p(t,z,y) < c}.

Assumption 3.1. We will suppose that ¢ > 0, and also V& > 03¢ > 0
so that ¢ < € = |gradp| < €.

De finition 4.1. The function W is said to be h-positive (h-negative) in
the set E,(V =0) if Ve:0 < e< g there exists two numbers C, B > 0
so that h(t,z,y) = € and |V (t,2,y)| < C = W(t,z,y) > B (W < B).
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Definition 5.1. The function T € BL/, is said to be help function
on the set E(p = 0) if a constant ¢ (0 < ¢ <supy) and two functions
S=S(t,x,y) € CL, g € BL" (S >0,g > 0) exist so that: put

A1={(t,:1:,y):<p(t,3:,y)§c—> TS_SQ: TZO},

Ay = {(t,z,y): o(t,z,y) <c—= T >Sg, T <0}
we have A; U Ay = {(t,z,y) : ¢(t,z,y) < c}.
Definition 6.1. We say that Z is said to be vector help function on the
set E C R x R" if two functions S = S(¢,z,y) € CL and g = g(t,z,y) €
BL" (S >0, g > 0), a constant C > 0 and two open coverings

{Oi,O—H_k; $ = 1,2,...,k}, {O t+k; = 1,2,...,’6}
of E exist s.t. the following properties are fulfilled
(6.1a) O; C O;, die[00;,00;] > 3C, j=1,2,..,2k;
(6.1b) (t,z,y) € 0; = Z(t,z,y) < —Sg(t,z,y) <0, Z; >0;
(6.1c) (t,z,y) € O'ixx = Z(t,z,y) 2 Sg(t,2,y) 20, Z; <0.

2. Theoretical Developments.

Theorem 1.2. Suppose that for every e > 0 there exist three functions
V=V(,zy) € BL',S=5(tz,y), M = M(t,z,y) € BL" and a constant
| with the following properties

(1.2a) h(t,z,y)=e=>V(t,z,9) >1>0;
(1.2b) limh(t, z,y) —0 = llmV t,z,y)=0;

(12¢) V(tz,y) < =St z,v),

<M, (S/MecCL).

Then the systems (A,B) are RT'.

Proof. Given ¢ > 0, t' € I, V(t,z,y) € BL', l > 0; by (1.2a) there
exist a §' €]0,¢[ s.t. h(t',z,y) < & implies V(',z,y) < I; select «’,y' € R
st. W(t,z',y) < § = min[A\,m™'(¢")] = MIN then h(t',2’,y') < ¢' and
V(t,z',y') <. From (2.1) we have

. . |74
V=V %%F+%—-G< _S+M(|F|l+ ]G <0 (1.2)
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S ;
let F,G s.t. ||F||+ |G| < s CL on the set Q(e) then V < 0. Consider

two solutions z(t) = z(¢,t,2"), y(t) = y(t, ¢, y’) of (A’,B’) and the compos-
ite functions v(t) = V[t,z(t),y(t)], K'(t) = K'[t,z(t),y(t)]. If suppose that
3t” > ¢ for which h'(t") = ¢ we obtain v(t") > [; it is a contradiction.

Theorem 2.2. Suppose that four functions V = V' (¢,z,y) € BL', M =
M(t,z,y), S = S(t,z,y) € BL”, a = a(u) € K exist so that

(2.2a) a[h(t, z,y)] <V(t,z,y), limh=0=IlimV =0;

(2.2b) <M, Vt,z,y) <-Stzy) <0, S/MeCL.

Then the systems ( A ,B) are RT.
Theorem 3.2. Suppose that there exist four functions V' = V(t,z,y),

W =W(t,z,y) € BL', S = S(t,z,y), M = M(t,z,y) € BL", a constant
D > 0 so that

(3.2a) VZO,WZ—D;VS—SandWﬁOorVﬁOandWS—S;

(3.2b) limh=0=limV =limW =0;

av || [V ] ||oW | |[OW
oz dy Oz dy

(3.2d) W is definite positive on the sets E,(V = 0).

<M (S/M)eCL

(3.2¢)

Then the systems (A,B) are RT.
C
P . Gi >0and t € I, 1] . 4
roof. Given e and t' € I, let 0< pu< D+ B (Def. 4.1) and

consider the functions family

u(t,z,y) = V(t,z,y) + pW(t, z,y). (2.2)
If we suppose h(t,z,y) =€, V(t,z,y) > C we obtain v(t,z,y) > C — uD
and v(t,z,y) —uB > C—pu(D+B) > 0,ie v(t,z,y) > uB. If h(t,z,y) =
e, V(t,z,y) < C also by Defd. 1 v(t,z,y) > uB, put | = uB deduce

h(t,z,y) = e = v(t,z,y) > L.
Theorem 4.2. Suppose that for every € > 0 a function V = V (¢, z,y) €

BL, a constant [ > 0 exists s.t.
(42&) h(t,x,y) = €= V(trx! y) > Z, h(t: m,y) = 0= V(t,&:,y) - 0;

130



G.Zappald. On the relative total functional stability ...

(4.2b) Vo >0 3S=S(tz,y)€CL, 3IW=W(tzy) € BLst.
if |F|| + ||G|| < S the following conditions hold [onQ(e)]

\V(t,z,y) — W(tz,y)| <o, W(tzy) <O0.
Then the systems (A.B) are RT.

Proof. Given € > 0, l and V, given t' € I we find §' €]0,¢[ so that
Wt z,y) < 8 = V(t',2',y) < 1. Put § = MIN, suppose h'(t',z’,y') < &
we have V(t',2',y) = ' < I. Consider two solutions z(t) = z(t,t,z');
y(t) = y(t,t',y") of (A’,B’), suppose hlt,z(t),y(t)] < e Vt € [t',t"[ and
hlt", z(t"), y(t")] =i wefobta.in V(" 2", y(#)) =1 >

Let’s assume o = —;-, |F|| + |G|l < S on Q(€) we have:

V(' z',y)-W(t z,y)| <o (3.2)
! n
ie.V—o<W<V+o Wt 2y)< then
VI 2, 9(E") - W, a(e"), y(E)] < 0 (42)

! "

ie. W[t" z(t"), y(t")] >

Theorem 5.2. Suppose that given € > 0 there exist four functions M =

M(t,z,y) € BL",U="U(t,z,y),V =V(t,z,y) € BL, z = z(t) € C(I,1),
a constant [ > 0 so that

; it 1s a contradiction.
(5.2a) h(t,z,y) == V(t,z,y) > ;limh=0=limV =0,t = +oo;

(5.2b) Vi(t,z,5) < ~Ult2,9) +2(t), 0 < f L
0
ov| [|ov

oz ||’ ' ay
Then the systems (A,B) are eventually RT.
Proof. Given € > 0 with U, z; put

(5.2¢)

<M (M>0), UMEeCL.

Wt z,y) =Vt zy)+ / z(u)du  (t>0) (5.2)
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from (5.2) and (2.1) deduce

W(t,z,y) < =U(t,,y) <0, W < —U + M(||F|| + ||G]))- (6.2)
U +o00
If |F||+ |G| < 27 e have W’ < 0. Let T > 0 s.t. 2 / z(7)dT < | when

g
t' > T; let &' €]0,¢[ s.t. h(t',z,y) < & = 2V(t,z,y) < L. If K (¥, 2',9) <
d = MIN obtain h(t',z',y') < &, 2V (¢, 2',v) <l Wit =, 9) < It > T).
Consider the solutions :r:(t) = x(t,t’, z), y(t) =y(t, ', y), of (A’,B’) denote
) = bt a(0) y0)], 9(t) = Vit o(t), 4(8)], and w(t) = WIE o(0), y(8)
Let’s t” > t' s.t. h(t") = e we have v(¢t") > [, w(t”) > [; it is a contradiction.
Theorem 6.2. Suppose that four functions S" = S'(¢t,z,y) € BL”, ¢ =
o(t z,y), T =T(tz,y) € BL, ¢ =g'(t,z,y) € BL", a constant \ with
the following hypotheses exist:

(6.2a) for ¢ the assumption 1.10 holds,h — 0 = T — 0;
(6.2b) [T, |TF|, [[TG|, <59 (¢ >0,5 > 0);
(6.2c) Tis an help function on the setE(p = 0);
(6.2d) ¢ = g,S5" = ASaccording to def. 5.1.

Then, for every 7 > 0 two constants C, N > 0, five sets P(7), D;,, DY (i =
1,2) and a function J = J(¢,z,y) € BL/, exist so that put, U; = Ui=1,2),
we have

(6.2a’) U; D;r 2 U,'D:-f,. DE(p=0)N P(T), suppJ C U; Dy

(6.2b’) J >0,J < 3ANSgfor(t,z,y) € Pr)andJ < —Sg
when(t, z,y) € D”;; N P7);
(6.2¢’ ) A(t,z,y) = 0= J(t,z,y) = 0.

Proof. Let Ay, A C R x R" the sets of def. 5.1, denote by n; (> 3) the
first integer s.t. the following set is not empty

-3 ni—2
{(tx’t)GA o c < p(tz,y) < = c}. (7.2)

Denote: mmdze[@Az,aB] =3C>0 (z =1,2); P7) ={(t,z,y) € Rx R":
t? + 22 + ¢? < 7 with (= > 0)}, B ir = BinN Pr), Dy, = {(¢t,z,y) :
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die((t,z,v),Bi;] < 3C}, D

= {(t,z,y) : die[(t,z,y),Bi] < 2C},
D}, = {(t,z,y) : die[(t,z,y), B;] < C}, E;

= ((,0 O) N P(T).
Consider the step function \D (t,z,y) = 1 on D., V(t,z,y) = 0 for

(t,z,y) ¢ D;, and the average function (if A; = @ then a; = 0):
= q;(t,z,y) = / V:(t,z,y)¢: (2 —u)du (r=C) (8.2)

RxR"
when u, z € R x R". Obtain the following properties «;(t,y) € C*,
Oa;| ||Oas|| ||0cs
0 < ai(t,y) <15 |—=— A == ;=

a;(t,y) <1 5 5y < N (> 0 const), o; = 1 when

(t,z,y) € DI, a; =01if (t,z,y) ¢ Dir

T

We put, on R x R":
J(t,z,y) = ) (1) et 2, 9)T(t, 2,9). 9.2)
t=1.2

and after consider only (¢,z,y) € PT).
Therefore we have: J > 0, J =0 for (¢,z,y) ¢ D;, and, for (¢,z,y) € Di;:

J(t,z,9) = Y (1) &T + aT) < 3ANSg. (10.2)
i=12
Obviously when (¢, z,y) € D" N P(1) = J< ~8g.
Theorem 7.2. Suppose that seven functions g, M, S € BL", (S < M),
T,p,V,W € BL', a constant D > 0 exist so that

(7.2a) V>0,W >-D,V,W<0,h=0=T,V,W =0,

(7.2b) theorem 6.2 holds, W is h- positive on the sets E\(V =0);
h=s0=V,W,T—0

(7.2¢) Vw>0 3/ >0st.p>v=>V<-1Sg<0, (g>0)
ar|| ||oT|| ||av|| |8V |[eW| ||eW
oz |’ || oy ay || || 0z Ay

(7.2d) < Mg, S/M € CL;

Oz
(7.2¢) T is an help function on the set E(¢ = 0).

Then the systems (A,B) are RT.
Proof. Let 7 > 0 previously fixed, introduce for every € > 0 the two

parameter functions family

o(t,z,9) = V(t,2,9) +TW(t,2,9) +r' (¢, 2,9) (11.2)
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where 0 < 7 < (see Theorem 3.2) and r’ > 0; we deduce

D+ B
(7.2a’) h=e=>v>1[; limh=0= limv=0.

Consider the derivative

0 =4(t,z,9).=V(te,y) +rW(t,z,y) +r'I(t2,y). (11.2)
If we suppose (t,z,y) € P(r), n; = 3, np = 4 and die[(t, z,y), B,] < C we
have J < —Sg, v < —1'Sy; if die((t, z,y), Bir] > C = 4¢ > C’ (suitable
constant > 0) in this case we obtain for 7.2c)

b=V +rW +7'J < (= +3'AN)Sy. (13.2)

Then, if we select the constant 7’ s.t. (3AN +1)r’ < v/ we obtain v < —r'Syg
since 7 is arbitrary we conclude the proof (the procedure whit an one

parameter function family v = V 4 r'J is obvious).
Theorem 8.2. Suppose that a constant A three functions g

9(t,z,y), S = S(t,z,y) € BL”, Z = Z(t,z,y) : Rx R" - R* (k € N*)
with Z; € BL' (i=1,2,.,k); aset E C I x R" exist so that (according to

def. 6.1):
(8-2a) Z is an help function on the set E,h — 0 = Z — 0;

(8:2b) |Zi, [IFZ, IGZ|, < ASg, (9>0,5>0).

Then, for every 7 > 0 a function J = J(t,z,y) € BL', a constant N > 0,
two open coverings {Q;},{Q;"} of the set E N Pr) with the following

properties exist:

(8.227)Q; CQj, supp J CU;Qf,J>0; j=1,2,.. 2:

(8.2b°) J < —Sg when (t,z,y) €Q;, J< 3kANSg somewhere;
(2.8¢) A(t,z,y) = 0= J(t, z,y) — 0.

Proof. Given 7 > 0; consider the sets D; = PT)NO;, (see def.6.1, where
F7) is defined in theorem 6.2) ; Q; = {(t,z,y) : die((t,z,y), D;] < C};
Q) = {(t,2,9) : diel(t,2,9), D;] < 2C}, @ - {(t,2,) : d[(t, 2,9), Dj] <
3C} and the step functions ¥; = ¥,(t,z,y) = 1 for (t,z,y) € Q; and
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¥; =0 for (t,z,y) ¢ Q.
Let us take the average functions (Q; =0 = a; = 0)

a; = aj(z) = / U;(u)Sr(z —u)du (r=C) (14.2)
RxR"

where u,z,€ R X R". We have 0 < o; < 1, o5 = 0 for (t,z,y) ¢ Q;”,

a; =1 for (¢, 2,y) € Qj; Bac;, 60{1 6;: < N, (N suitable constant
=.0).
Put on R x R"
k
J(t,5,9) Z[o:2 t,z,y) — aik(t, z,9)]Zi(t, z,v) (15.2)

we obtain

k
J = Z[dj = d:j.}.k]ZJ -+

j=1

ay — aj+k]Zj S 3AkNSg. (16.2)

.
i[9~

Let (¢,z,y) € Q;NP(7) thenaj =1, hence;if j € (1,...,k) we have J = Zj,
J = Z < —-Sg<0and, forje(k+1,. QL)J——Z < -S¢g<0.

Theorem 9.2. Suppose that there exist six functions g, M, S € BL",
Z :Rx R" — RF where Z; € BL' for j =1,...,k, V, W € BL, a constant
C >0,aset B CIx R"sothat

(9.2a) V>0, W2>-Cih=0=V,W,Z -0

(9.2b) V <0, ,W<0, W ish-positive on the sets E,(V = 0);
(9.2¢) V =0in E, Vv >0 there exist v' > 0s.t. d[(¢,2,y),E] > v
=V < -V'Sg<0, S/M € CL;
(9.2d) Z is an help function on the set E, lemma 8.2 holds;
vl |8V 14 \GW H d7;
oz ||| Oy "Il oy ||’

Then the systems (A,B) are RT.
Theorem 10.2. Suppose that for every e > 0 there exist three functions
V = V(tz,y) € BL', M = M(t,z,y), S = S(t,z,y) € BL”, a constant

(9.2e)

i \ < Mg(> 0)
Oy
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[ > 0 so that:
(10.2a) h(t,z,y) = e = V(t,z,y) >, limh =0= limV = 0;

(10.20) | %[, ||| < M; V < =5 <0, S/M € CL, for ht,z,y) <

Then the systems (A,B) are RT on average .
Proof. Given € > 0 with [, M, S, V; by (10.2a) fixed t' € I there 3§’ €

10,¢[ s.t. A(t',z,y) < & implies V(t',z,y) < %; select 6 = MIN and con-

sider the solutions z(t) = z(t,t,2'), y(t) = y(¢,t',y') with #'(¢', ', ) < 6.
Suppose that 3©,t” > t', (© < t") for which A[t",z(t"),y(t")] = e,

V[©,2(0),y(0)] = -;- Vit 2(0), 98] > 0-for £ & [6,£7. Tn this ease put
W =W(t,z,y) = Vef®), where B(t) € C’, we have

OW _ 500V W _ 50V o _ i o [0V ., OV .
B =éf 52 By 3y W =W +¢€° [8xF G} (17.2)

Put ¢ = ¢(t) = sup(||F|| + ||G||) on Q(e) we obtain

W< w [—}j— B+ MIF] + n_cn)} <w [—5— +h+ é—M«.o] (182)

Denote: ’U(t) = V[t,x(t),y(t)], S(t) =2 [t &':(t) ( )]: ( ) = M[t,x(t),y(t)]
for ¢t € [©,t"] and m’ = maxm(t), s" = mins(t), v' = maxwv(t), v" =

minv(t), obviously v',v” > 0. Then we obtain
) , SH' mi'
WSW{,B—;-FW(P:I (19.2)

Let T =¢"—© (> 0), ¢ €]0,1[ and select F,G such that:

e " "
v
©

Consider a function ¥ = ¥(u) € C(I,I) determined by
©+T 0+T

/‘I!(u)du-: / [(l— )i—-—niga() du. (21.2)
C} C)

.U U”
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We set for ¢ € [©,0 + T

i
SH m.\'
/ [ (L=~ q); — ;;{p(u)} du (22.2)
8]
= "
hence f(t) = =¥ + (1 - Q)‘— = ——so then W’ < W[ U —qs—f} < 0; it is
a contradiction. v

3. Examples

Ezample 1.3. Consider the following differential systems on R x R3

(1.3A)

(1.3B)

S

\

\

s

\

(& =ab(1+2%)zy? — b(1 + 22)y + 2 — 2a;

Y= (1+Z )ﬂi—a(l-l-zg)sczy—}—%z;
Z2=-—x—y-—2z.

@ = cd(1 4+ w?)uv? — d(1 + w?)v — u;
v =2(1 +w?)u — 2¢(1 + w?)u? v+dw
w=—-w-—2

where a, c > 0 are constants, b = b(t), d = d(t) € C'(R, R).

Theorem 1.3. Let b,d > 0;b,d < 0,4h =22+ by? + 224 2u? + dv? +w? =
K, then the systems (1.3A,1.3B) are RT.

Proof. Choose 2V = h/, we obtain 2V = —4x? 4 by? — 42% — 4u? + dv? —
2w? <0, thenV =0 z=y=z=u=v=uw=0Iie. the proof.

Ezample 2.3. Given the two differential systems

(2.3A)

(2.3B)

\

9

\

[ Ap+ 2Ap+2(C — A)gr = 2Pzya — 2fip — 2fyr

Ag+2A¢+ 2(A— C)pr = =2Pzv, — 2foq — 2f5r
Cr+ 207 =2fap+ 2f5q — 2far
N=re-9m RSP

m=gn—pr Y =1-7

( Du+ 2D+ 2(F — D)vw = 2Qdps — 2feu® — 2 fruv? — 2 fiow

Dv + 2D + 2(D — F)uw = —2Qdpm — 2fru?v — 2fgv® — 2 fyw
Fw + Fi = 2fiou+ 2fuv — 2fow’
il = Wha — VH3; [lo = Up3 — WH,

\Ij‘3:v“1_uu2= ”2:1—”'3
where Pz,Qd < 0 are constants, A(t), C(t),

D(t), F(t) € C'(R,R),
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fi(tspi a,7M, 72): fﬁ-f-j(tau:?}:“la IJQ) = C(Ri R)! (E = 1‘-' 151] = 11:6)
are known functions; p,q,r,u,v,w,y1, V2, ¥3, i1, 2, 43 the unknown vari-

ables.
We can consider (2.3A) and (2.3B) the adimensionate motion equations
of two particular rigid bodies with a fixed point and variable mass.

Assumption 4.3.-Assume that for the systems (2.3A) and (2.3B) a the-
orem of uniqueness holds
Lemma 2.3a. Consider the auxiliary functions of Matrov’s type

V= SlAG + ) + Cr? + %[D(ug +)+ P (33)

1 1
—5 P20 + 72 +9") - SQd( + 4 + 1),
W = A(pye — qm) + D(uvy — vm). (4.3)
Then we have
V= —(fir® + fog® + fir® + fou' + 2fru2® + fav' + fow?) (5.3)

and

W =2(A - C)grya — Apva + 2P2vy = 2fipys — 2furya + Apys  (6.3)
—2(C = A)prm + Adn + 2Pz + 2faqm + 2f5rm + Agin
+2(D — F)owp — Dips + 2Qdps} — 2fou’py — 2 frun®yd
—2frowps + Dupiy — 2(F — D)uwpy, + Dopy + 2le~t%
+2frutop + 2fsv i + 2f1qu — Dvjg.
Lemma 2.3b. If inf(f1, fo, fs, fs, fr, fs, fo) > 0 we obtain V < 0 and
also V=0&p=g=r=u=v=w=0.

Lemma 2.3c. Suppose that inf[A(t), C(t), D(¢), F(t)] > 0 and select
4h = A(p® + ¢*) + Cr* + D(u® 4+ v%) + Fu? — P27} + v + 4% -
~Qd(ki + 15 + p) = (7.3)

Then,h:h"=0<:>V=0i.e.:p=q:r=u=v=w=%=,Yz:u]=
pe=0;v3=p3 =1
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Lemma 2.3d. Suppose, in the sequel, A = —Pz, D = —Qd and

1 1 1 1
V= =2Pz(p" + ¢") + 50 - 2Qd(u’ + ) + +5 P’ (8.3)
1 1
—5P2( + 75 +9") = SQd(ut + 15+ 4!) (2 0);
W' = —Pz(pys — qm1) — Qd(upz — vp) (9.3)

we obtain that T'= V' + W' > 0 is a positive definite function.
Proof. Since

. 1 1
V'= =S Pz(p" + 1) — 5P2(¢" + 1) + 501" - %PZ’Y"‘ (10.3)

1 1 1 1
—5Qd(’ + ) ~ 5QA(’ + ) + 5 Fw’ ~ ZQdp*
we obtain

, f 1 1 1 1
VI+W = —§PZ(P +75)% — EPz(q —m)? + 507"2 * —5}73’)’4‘*' (11.3)

1 1 1 1
—EQd(H + pg)* — iQd(U —m)*+ §Fw2 = §Qdﬂ4 > 0.

Lemma 2.3e. From the previous lemmas T'=0 & p=q=71=u =
v=w=n=m=m=pp=0andp=p=1

Proof.- According to T = V' + W' we deduce that T = 0 & p =
—72,q=71,r=74=0,u=—pg,v:-ul,w:pf‘=O.From'y=u.=0
ieep=m=leon=r=m=m=0

Lemma 2.3f. Put ¢ = —V and Y = maz(Pz, Qd) suppose that f;, f54;
are bounded then, for every € > 0, there exist £ > 0s.t. ¢ <€ = gradp <
¢ and also, from the previous lemmas, on the set E(p = 0) we have:

T = —0,5[Pz(y} + 7 +7") + Qd(i + ui +1")] 2 0 (12.3)

T = 2[P2(72 +12) + Qd(ud +13)] 2Y (7} +3 + i +413) < 0. (13.3)

Theorem 2.3.- Under the previous hypotheses the systems (2.3) are RT.
proof.-On the set E(p = 0) the systems (2.3a) and (2.3b) admit re-
spectively the solutions (p = ¢ =7 =m =71 = 0,73 = 1) and
(u:v:wzm:pg:O,uazl)whereh_—-[).AlsoT=Oifa,nd
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onlyifp=q=r=u:v=w=’n=')’2=l£1=#2=01’Y:5=
p3 = 1. Let 0 < p < 1 and p < o < 1, consider the compact set

E" = {(p, ¢m w0, w0, 1,72, 98, 1, i, 113) 1 0 < B4+ B+ ud + 2 < 1)
where we have T' < 2Y¢ < 0. Then there exists a compact set E” D FE’
s.t. 0 < die[dE”,0E"] and T < Yo on E”.

Ezample 3.3. Consider the systems defined on D = I x [0, 1]

(33A) i=—f(t,u); (33B)0=—g(t0)
and the perturbed systems
(4.3A) @=—f(t,u)+ f'(t,u); (4.3B) o=—g(t v) + ¢'(t,v).

Assumption 3.3.- Suppose that:1) f, g, f/, ¢’ € C(D — I) then, for every
(#,2") € R”, there exist a solution u(t) = u(t,t'z") of (4.3A) and v =
v(t,t', ') of (4.3B) and also suppose that u(t), v(t) are defined for ¢ > ¢,
2) for 0 < u,v <1 we have :

[F'(ts)lds, [ f2(t,s)ds < f2(¢,u); [ |g'(t,)|ds,
f e f [

v

/ g*(t, s)ds < g”(t,v).
0

T'heorem 3.3. Suppose that three functions a, b, ¢ € K with the following
hypotheses exist V¢ € I, Yu,v € [0, 1]:

v

3.3a) a(u +v) < /f(t, s)ds + /g(t, s)ds < b(u + v);
0 0

3.3b) lzll = 2%, h=u+v, K =c(h), lim c(h)=+oo.

h—+o00
Then the systems (3.3) are RT with respect to the systems (4.3) for which
the assumption (3.3) holds.
Proof. If we assume (for every t € I):

V(t,u,v) = /[f(t, s) + arctg f*(t, s))ds + /[g(t, s) + arctg g”(t, s)]ds;
: 0 (14.3)
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H/(t:u! U) = /[f(ts S) - f,(ta S)]dS i /[g(t, S) - g’(t! 3)]ds' (153)
0 0

We obtain, according to 2arctg 2® < 7 :
a(u+v) < V(t,u,v) < b(u+v)+(7/2)(u+v) =d(u+v) de K (16.3)

hence for v +v =€ = V(t,u,v) > ale) =land alsoh - 0=V = 0.
From (14.3), (15.3) we deduce

V=W 282 + 6% = 2lIf + '] (17.3)

Therefore, given ¢ > 0 and select f', ' s.t. |[f'|| + [|¢']| < o we have
IV — W| < o on D, further W = =2[(f — ') + (g — ¢')%] < 0.Then, for
Theorem 4.2 we conclude the proof.

The author thanks A.S.Andreev for his interest on this work.
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YIK 531.36

OB YCTOMYUBOCTHU HYJIEBOI'O PEIIEHUS
NMEPUOANYECKOU CUCTEMBI 11O YACTHU MEPEMEHHBIX

A.C. Auapees, E.B. ®uiaTkuna

OBoCHOBBIBAETCA NPHMEHEHHE 3HAKONOCTOAHHBIX (yHKuui JlamyHnosa B 3ajaye 00

YCTOMYHBOCTH HYJIEBOTO PCICHHS MEPHOAMYECKON CHCTEMBI 110 YaCTH MEPEMEHHDIX.

PaccMmoTpuMm cuctemy auddepeHnuanbHbIX ypaBHEHUH

{J?=Y(t,y,2) )
z=2(t,y,z)

Iie Y- BEKTOp K - MEPHOTO JIefCTBUTEIBHOTO IIpocTpaHcTBa RY ¢ HopMoit || y ||=
max (| y;|, ..., | v | ), z- BekTop m-MepHoro ¢azoBoro npocrpaHctsa R(z), ...,Z,)
¢ nopModt || z || = max (|2 |,... | za|) x=(3,2), (m+k =n), ||x||=max (||y

l,]| z|| ), mpaBble yacTu cuctemsl, pynkumu Z(t, y, z) u Y(t, y, z) onpeneneHsl Ha
mMHOXectBe [ = {t eR , ||y K H L 4o, || z || £ +0 } wu sgBnsgoTCS
NepHoANYeCKUMH (QYHKLHAMH I10 £ U Z C IEPUOJIOM 2T

Z(t+2m, y, z+2rE)=Z(1, y, z), V(t+2x, y, z+20E)=Y(t, y,2) (2)
E- eqMHUYHBIA BeKTOpP- cTONOEL, YAOBAETBOPSIOT ycnoBHio Jlunwwuua no (y, z).

Onpedenenue 1. Tlycts x = x(1, to, xo)=(/(t, to, X0), 2(t, to, Xo) ), Xo=(Vo, 20)-

Touka x* = (z* y*) Ha3pIBaeTCs MOJIOKHUTENBHO-NIPENETBHON TOYKOM 3TOr0O
peLUeHHs], eClIH CYLIECTBYIOT I10CIE10BaTEIbHOCTH £} —> +00 U {l,{ € N } Takue,
40 Y(ti,tgs%0) = ¥ *,2(tystg,%0) =20l = 2;*0< 2, * < 2m (j=1,...,m), npn
k—o .

CoBoKymHOCTb BCeX MNpeJeNbHbIX TOYeK 00pa3yeT IOJI0KHTENbHOE
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npenenbHoe MHOXeECTBO ;, (x(1,ty,%,))-

Jemma 1. Tlycts peuenne x = x(t, f, xo) nepuonuyeckon cucremst (1) y-
orpaHuyeHo, || y(t, t, xo) || £ H) < H nns Bcex t 2 fp. Toraa monoxuTenpHoe
[peenbHOe MHOXECTBO @5, (x(f,1y,X,)) 3TOrO pelLIeHHs He MyCTO U CBA3HO.

Teopema 1. (Cgoticmso uneapuanmuocmu).
Mycts pewenne x = x(f, f, Xo) mnepuojuyeckodr cucremsr (1) y-

orpannyeHo, || y(t to, Xo) || £ H) < H pna Beex ¢ 2 . Toraa nonoxuTebHOe

Mpe/enbHOe MHOXECTBO @, (x(t,ty,X,)) 9TOTO pelIEHHs HHBAPHAHTHO, T.e.V
* * * + - .
xo =(¥9,2¢0) € w3, (x(t,t, % )  maiimercs £, €[0,27) Takoe,  4TO

x(1,15, Y0,20) € 03z (tg, %) A1s Beex  €R.

Hoka3zatensctBo: Ilycth py =(y5,za)ea);ﬁ(x(t,rg,x0)) M CYILECTBYET
MOCNeN0BATENBHOCTH Iy —>+00 U {!/ ,{ € N } Takue, 41O
Y(tysto,Xo) = Y0,2 j(tkstos %) — 27l = zp;*0<2g;* <27 (j=1,..,m), mpH

k—o .
Bez orpanuueHusi OOWIHOCTH OyjAem CYMTaTh, YTO UL HEKOTOPOH

* *
M0CJIe10BATENbHOCTH If — +00 MMEEeT MECTO CXOJMMOCTb 7 - 1{’,‘ T —ty, 0= ¢

<27, mnpu k—co. [lo onpeaeneHMio pelieHHs U U3 paBeHCTBA (2) HecnoxHO

BBIBECTH, YTO TI0CJ]I€/10BATENLHOCTb PELLeHHH

' k 0 - j
xk(r):(y(t+ ty -/é T t- JJ?T’yk yZ —Zid’f ), Zj(f -H*'!O T t- Ik T,y,zj —272’1.,‘: )- 271'1;{)
OyzieT CXOAMTECA K PELICHHUIO

"
X = x(t{;+ !, ta, ya,za ) = x(t; +1, ty, Do) NPH k— 00 pABHOMEPHO 110 1€ [-% 7],

(7>0).

- * * +
Ortxyna cneayer, 4To x(t,t95 Vo> Zy) € Wqy (ro,xo) Ui Beex t 21l .
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Onpedenerue 2. MHOXecTBO M Ha3bIBaeTCs MHBAPMAHTHBIM, €CIH JUIA

moboii ToukH xo€ M cymecTByeT MOMEHT f, € [0, 21) , TaKOM, 4TO peleHHe x =
x(t, ty, xp) onpeaeneHo u coaepxutcs B M nas Beex £ €R..

[Tyets  Y(£,0,0)=Z(1,0,0)=0, coorBercTBeHHO cHcTemMa (1) umeer
HyJeBoe peweHne x = 0.

[ycts V : R'xI'> R ecth HenpepbBHO auddepeHuupyemas GyHKIHs
JlanyHoBa, nepHoaMYecKas 1o ¢ ¥ z ¢ nepHojoM I = 27, T. €. BBIMOJHSETCS
cooTHowenne: W(t+2rx y, z+27E) = V(t, y, z) mns (¢, y, xo) €R T

Onpenenum MHOXecTBO {V(f,x)= 0} Kak MHOXECTBO TOYEK x et

€[0,2n), || y||< H <+, ||z || < 21} B kOTOpBIX NpoM3BOAHAS GYHKIHH V(¢,x)

B MOMeHT [€ [0, 21) paBHa HyO.

Teopema 2. Ilyctb ans cuctems! ypaBHeHui (1) cyuectByer GyHKIuMs
Jlanynosa V' = V(t, x) nepuoanueckas 1no ¢ U z ¢ nepuogom 2m, V(t+2w, y,
z+2nE) = U, y, z), npousBoauas kotopoit V(t,x) < 0. Torna mwis Kaxmoro y-
orpaHu4eHHoro pewenus || y(t, to, xo) || £ H, < H nnst Bcex t 2>ty , MHOXKECTBO

npeenbHbIX Touek @, (x(1, fys Xy )) © M, rne M - makcumanbHoe HMHBAapHAHTHOE

NMoIMHOKeCTBO MHOecTBa { ¥ (#,x)=0}.

Loxkasamenvcmeo. Ilycthb (ya,za)ea);,,(x(t,to,xo)), COOTBETCTBEHHO

MoCAea0BaTeILHOCTH ¢, —> +0 U {/ ,{ € N }, npu 9ToM Gy/1eM CUMTaTh, YTO
te- [0T —1y, 0 < 1y <27, nnA HEKOTOPOI NOCENOBATENLHOCTH [ Y s,
[TocnenoBarensHOCTD
xt) = O t+ -0 T e 0T, ye o2 = 28], 20+t Tt T, y,z; 27 )-27] )
_ * * * * * * %
Oyner cxoauThes K peweHnio x = x(ty+ & ty, Yo, zy ) = x(ty+t, ty, xy) OpH
k— copasHoMepHO no £ € [-%, 7], (y>0).
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\-..

Odyukuns V(O)=Wt, x(t, t,, X)) B cuny ycrnoBus V(4 x) < 0 ectb
MOHOTOHHO YyObiBaromas yHKIUs MO BPEMEHU U B CHILYy €€ TepHOJUYHOCTH,
orpaHMYeHHas B orpaHu4eHHoi obnactu. [lostomy, byukums V{1, x)
OrpaHHYEHa CHHU3Y, M 3HAYUT CYLIECTBYET Mpeet:

lim V(tx(t,ty,xy)) = cq

[—®

Otcrona ¥ U3 NePUOAMYHOCTH QYHKUMH V(t, X) 110 f U Z MOXKHO MONYYHUTH, YTO
V(t,x(t,tg,%g)) =g

CoOoTBeTCTBEHHO, Tpou3BoaHas V(#, x) Boons pewmeHus x = x(Z, r;,x; )
Takoro, yto x(f, r;,xa I = mgn(x(r,ro,xo)) ans Bcex ! € R, paBHa HyIo,
V(t, x(1, 9, %)) =0.

Teopema nokasana.

Kak cnencrBue [OKa3aHHOW TEOpeMbl M TeOpeMbl M Teopembl 00
YCTOMYMBOCTH OTHOCHTEJIbHO YacTH mepeMeHHbIX [1-4] nmomyyaem ciemyroume
pe3ynbTaThl.

Teopema 3. [1peanonoxum, 4To:

1) CyLIECTBYIOT OIpEfe]eHHO — MOJOXKHTeNbHas Mo y dyHKuus V =

W(t,y,z), V(t+T,x) = V(t,x) c NpOU3BOHOM V(t x)<0;
2) MakcUMajbHOE WHBAapMAHTHOE TOAMHOXECTBO M  MHOXecTBa
{V (tx)=0} copepxurcsa B MHOKecTBe {x. y =0}

Torna pelueHue cucTeMsl (1) aCUMNTOTHYECKH YCTOHYMBO 110 ).

Teopema 4. IIpe/nonokuM, YTO BINOJIHEHO ycnoBue 1) Teopewms! 3, a

TaKKe:

2) muoxecrso {¥(t, x)> 0} {V (t, x)= 0} He CONEPIKUT LIeTBIX PelIeHHH
cuctemsl (1).

Torma pemenve x = 0 cuctemsl (2.1) paBHOMEPHO ACHMINTOTHYECKH
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YCTOMYHBOCTH.

Onpedenenue 3. Tlyctb M < I” ecTb HEKOTOPOE OTKPLITOE MHOXKECTBO,

conepxailee Touky x = 0. Cucrema (1) obmanaer cBOHCTBOM y - YCTOHYMBOCTH
OTHOCHTENBHO M, ecii ans noboro € >0 K kaxaoro fy R cyuiecTyer 6 = &

to) > 0 Takoe, yto ans Beex xo&{ || y || < & } ) M u Bcex t > fy BBINOMHAETCS

HepaBeHCTBO || (1, &, xo) || < &
Onpedenenue 4. Cuctema obnajaetT CBOMCTBOM  paBHOMEDHOH -

YCTOHYHMBOCTH OTHOCHTEJBHO MHOXecTBa M, eciii B ONpeleeHHH 3 YHCIOo

3aBUCHT TOJIBKO OT & J = & &).
Onpedenenue 5. Cucrema obnagaer CBOHCTBOM acCHMIITOTHYECKOH y-

YCTOHYUBOCTH  OTHOCHTENBHO MHOXecTBa M, ecld OHO YCTOHYHUBO

OTHOCHTENbHO M ¥ Ana xaxzaoro fye R cywectByer & = &ty) > 0 Takoe, 4TO

ms Beex  xo€ {|| y ||[< 6} M Beinonnsercs cootHowenne lim y(t,t,,x,)=0.

[—+w

Onpederenue 6. Cucrema 067afaeT  CBOHCTBOM — paBHOMEPHOI

aCHMIITOTHYECKOH y-YCTOHYHMBOCTH OTHOCHTENbHO MHOXECTBAa M, eClli OHO
PaBHOMEPHO YCTOHYHMBO OTHOCHTENLHO M W cywecTByeT 7> 0 Takoe, YyTO A/
moboro majoro uucna &> 0 Haifgercs 6= 6 (¢) > 0, IIPH KOTOPOM JUIs
Kaxaoro foe R, Bcex xp€ {||y|| <} M wuBcext 2 ty+ 8 Boimonusercs
HepaBEeHCTBO

| ¥t to, x0) || < &

Ha ocHoBe BBeleHHBIX onpejeleHHii M TeopeMbl 2  JOKA3bIBAIOTCS

CJIEAYIOLIHE TEOPEMBI.
Teopema 5. [peanonoxum, yto:
1) cywectsyer dpynkuus JIamyHosa V= It x) > 0, nepuoguyeckas mno
tuz, V(t+2m, y, z+21E) = U, y, z), ¢ npoussoaHoit V (s, x)<0;

2) cucrema obnajaeT CBOMCTBOM PaBHOMEPHOH aCHMITOTHYECKOM
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YCTOMYMBOCTH OTHOCHTENbHO MHOXecTBa M = { (1, x) =0 }.

Torna pewenue x = 0 cucremsi (1) paBHOMEPHO Y- YCTOHYHBO.

Teopema 6. Ecinu B ycnoBusx TeopeMbl 4 TakKe BHINOIHEHO yCIOBHE

3) mHOoxecTBO {I(f, X) = ¢ = const > 0}N{V(t,x)=0} mHe comepxuT

LenbIX perneHuit cuctemsl (1).
Torma pemienne x = 0 cucremsl (1) paBHOMEPHO ACHMNTOTHYECKH
YCTOMYHBO.

Teopempl 2- 6 SBASIOTCS HOBBIMH B 3afaye 00 yCTOHYMBOCTH HYJIEBOTO
pelienuss cuctembl (1) OTHOCUTENBHO ). DTH pPE3yNbTaThl Pa3BUBAIOT H
06001Lal0T COOTBETCTBYIOLIKME TeOpeMbl 00 aCHMNTOTHYECKOH YCTOWYHBOCTH
OTHOCHMTEJBHO YaCTH NEPEMEHHbIX /171 aBTOHOMHOM U NMEpUOJMYECKOM CUCTEM C
y — 3HaKoonpezaeneHHo Qpynkuueit Jisnynosa us [4-6].

IIpumep. PaccMOTpUM CUCTEMY YPaBHEHHH

-

J-) = —a(t, ZI ,22,23)y + b(t, Z‘,ZZL,IZ:’);

121=2; (3)
22 '_"_f(zl)'C(tayazI:ZZ’z:i)zZ
| 23=2(1,2,23,23)

rae a(t,zy,2,,23), b(t,2),25,23), f(z)), c(t,y,2),29,23), Z(t, y,2),22,23) - €CTh
HenpepbIBHbIC TEPUOAMYECKHE MO [ M 23 C MEpHoAoM 277 (QyHKUMH,
yIOBNIETBOpSOLIME YeaoBuio JIMNUNLA 110 ¥, 2y, 2 , Z3 TAKHE, UTO:

1) 0)=0, fiz\)z, >0 mnamansix z, #0;

2) b(1,0,0,2;)=0;

3) c(t, y, 21, 22, 23) 2 co(f) 20 paa ¢, z3€[0, 2T) ¥ ManbIX z| U 2o,

4) a(t, 0,0, z3) 2 ap (1) 2 0, ans Beex ¢, z3€(0, 27), ao (t*) > 0 npy HEKOTOPOM

t* €0, 2r);
5) Z(t,0,0,0,0)=0.
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Torma uyneBoe pemenue (3) paBHOMEpHO ycToHuuBo 1o (y, 2y, 2y),
pPaBHOMEPHO aCUMITTOTHYECKH YCTOWYHBO 10 (), Z|, Z;), eciu co(t*) > 0.
Jnst lokasaTesnbcTBa pacCMOTPHM QYHKLHIO JIAyHOBA B BUJIE:
z5 |

2
V(z),2,) = 72 + [f(an
0

OT1a QYHKUHUS B CHIIY YCJIOBHS 1) OnpeiesieHHO — MOJIOKHUTENBHA 110 Z; H 2,

Ee npou3BozaHas B cuiy ycnoBusi 3) yI0BJIE€TBOPSAET COOTHOIIEHHIM
V(t,y,zl,zz,z3) =—c(1,Y,2,2, 23)222 < —¢ (r)z% <0
IUISL MaJIbIX Z) U Z5.

W3 nepBoro ypaBHEeHHs! CHCTEMBI HAXOAUM, 4TO MHOXKeCTBO {V(z,,2z,) =0}
MMeeT CBOMCTBO aCHMIITOTHYECKOH y — ycToH4MBOCTH. Ha ocHOBaHMH
TEOPEMBI 5 MOJTyYaeM CBOMCTBO YCTOHUMBOCTH HYJIEBOTO pelleHHs CHCTeMBI (3)
110 MEPEMEHHBIM (), Z}, Z)).

[Ipy BEINOTHEHMHU JOMOJHUTENILHOTO YCI0BHUS Co(1*) > 0 MHOXKECTBO
V(z2),2,) >0} N {V (t,y,2),2;,23) = 0} He conepKuT peleHuii cuctemst (3).
[Ipumensia TeopeMy 6 1oslyyaeM, YTO HyJleBoe pelleHHe chcTeMsl (3) sBasercs
ACUMIITOTHYECKH YCTOHYUBLIM 110 MEPEMEHHBIM (), Z|, Z2).

BbIBECTH 3TOT pe3yNbTarT Ha OCHOBE IOCTPOEHMS KakOM-aubo (yHKUUH
JIsanyHoBa, MCMOJB3Ys pe3ylibTarhl paboT [1-6] NMpHU AaHHBIX MPeANONOKEHHSIX

1) - 5) npencraBnseTcs O4EHb CI0XKHBIM.

Pabora  BbimoNHEHa 1p¥  (UHAHCOBOH  NOALEpXKKe  MPOrpamMMbl

"Yuusepcuretsl Poccun" (npoext YP.04.01.004.).
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YK 531.36

OB YIIPABJISEMOCTH U CTABUJIM3UPYEMOCTH
JBUXEHHUS HECTALIMUOHAPHOM
VIIPABJISSEMOM CUCTEMBI

E.B. Kum

Onpenensercs HOBbI BHA AOCTATOYHBIX YCIOBHH ry100anbHOM CTAGHIN3ALNH H
YNPaBISeMOCTH HEBO3MYILICHHOIO IBHXXEHHS HECTALHOHAPHOH YIpaBJiieMoii cucTteMsl. Pe-

3yJIbTaThl pa3BHBAIOT ¥ 06001MAI0T pe3y bTaThl U3 1] AN HECTAUMOHAPHOTO Ciyyas.

PaccMOTpHM cHCTeMy, KOTOpas OMHUCHIBACTCS YpaBHEHHAMH
x=f(t,x,u), f(t0,0)=0 (1)
rae x — BEKTOp N-MepHOro npocTpamcTsa R ¢ Hopmoii || x [|= max (| x|, ...,
| x| ), u— BexTOp m - MepHOro npocrpancTsa R" ¢ HOpMOi || u ||= max ( | u, |,
cor || )[R xR" xR™ — R" HenpepbiBHas BeKTOp — ByHKLHA.
HonycTuM, YTO MpH HEKOTOpOM JomycTuMoM ynpasnenun U = U(t, x),
U(1,0)=0 npasas 4acts cucremsl (1) ft, x] = fit, x, U(t, x)) ynosnetopser yc-
noBuio Jlunumua
Il F1t x2 1= £t x2] [| SLK) || %2 = x| (2)
s mobbix x;, x; €K R" n moboro xomnakta K < R”. Torna cucrema ypas-
HeHHA X = f[f,x] nMpeaKOMIaKkTHa B HEKOTOPOM ()yHKLMOHATLHOM NPOCTPaH-
CTBE M JUIi HEE MOXHO OMNpENENHTh CEeMeHCTBO INpeAeNbHBIX CHCTEM
{x =6(t,x)}[2].
Ha ocHoBanuu Teopem 13 [2, 3] MMeeM psfl CleyIOLKX Pe3yIbTaTOB O

rnobanbHo# cTabunusupyeMocTu ynpasnsemoii cucremsl (1) (ans yapobersa
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E.b.Kum. O6 ynpaBnsieMocTi U cTaOHIM3HPYEMOCTH JIBHKEHHS . ..

HIDKe uepes h obo3HaveHa ¢ynkuus tuna Xaua [4], i: R*—>R", h(0) = 0, h cTpo-

ro MOHOTOHHO BO3PacTaer).
Teopema 1. [Ipennonoxum, 4To cylecTByeT AONYCTHMOE YIIpaBlIeHHe
U: R" xR">R™ u ckanspHas HenpepsiBHas Gynkuus V: R* xR"—>R" Takue, 41o0:
(a) mna x € {||x|lkd>0} A([x[)<V(t,x)<hy([x]);
(b) W(t, x) = + oo npu || x || = + o paBHOMepHO TIO ¢ €: R
(c) mns Bcex (¢, x) € R" xR"

V(2 x) = h“%‘,f Vt,x+ hf[t;lx]) -V (t,x)

<-W(t,x)<0

(d) mns xaxcao# npepenvHoit Kk (f[7, x], W(¢, x)) napsel ( @, 0) MHOXECTBO
{6(¢, x) = 0} He copepxuT pemenuit cucreMsl X = O(¢,x), Kpome Hy-
nesoro, X = 0.
Torna ynpaenenne U = U(f, x) peliaeT 3ajady o rjiodaibHOH paBHO-
MEpHOM cTabM/IM3aHH HEBO3MYILIEHHOTO JIBIKEHHMs cucTeMbl (1) x =0,
Teopema 2. Pe3ynbTaT TeopeMbl 1 HMEET MECTO Tak)Ke, €C/IH OCIabUTh
yCJI0BME OTHOCHTENBHO GyHKUMH H(, x), MpeanonoxiB BMECTO yC/IOBHs (a) yc-
nosue (¢, x) = 0, a BMecTo ycioBus (d) 1Ba ycinoBus:
(d) ans xaxaoi npepensHoit k (f[1, x], W(t, x)) napsl ( @, 6) MHOXECTBO
Vo' (t,e)ic=cy>0}n{B(t, x) = 0} He cOmepXHMT pelieHHi mnpe-
JenbHOM cucreMsl x = 0(7,x) ;
(e) HeBO3MyLIEHHOE ABWKeHHEe X = () paBHOMEPHO ACHMIITOTHYECKH yC-

TOWYHUBO OTHOCHTEIBHO MHOXECTBA {V;] (1,0)} N {6(¢, x) = 0} mnsa ka-

k108 npenensHoi napsl (@, 0).
AHaIIOrHYHBIM 06pa30M, MOTYT OBITE OTpe/ieieHbl pe3ybTaThbl O MPOCTOH
rnoGanbHOM cTabuIMu3aluy, o r1obansHON CTabHIIM3aLuH, PABHOMEPHOH 110 Xo.

VcoBUe JIOKANBHOM YpaBiseMOCTH JTHHEHHOH HeCTalMOHapHOH cHeTe-
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Mbl [1] 1 Teopema | M 2 MPUBOAAT K CIEAYIOIHM PE3yIbTATaM O rI0BATBHOMN

yNpaBisieMoCcTH cucTemsl (1).
Teopema 3. TIpeanonoxum, 4To BHINONHEHBI YCIOBHS TeOpeMbl | My 2,

a Takke ycnopue rank (K),, K, ..., K,) = n K = B),

dK; (1)

K.(t)= A(ODK,_,(t) - ans  i=2,...n, roe A(t) = £,(1,0,0),

B(1)= £,(1,0,0).
Torna obnacts Hynb-ynpasnsemoctn cucteMsl (1) coBmazgaer ¢ R" .

Pabora Beinonnena npu ¢prHaHCOBOI MoAxepKKe NporpaMMel Y HHBEpPCH-

TeTsl Poccun" (mpoekt YP.04.01.004).
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VK 519.853:517.988

O PETYJSAPU30BAHHOM IMPOEKIIMOHHOM HEINPEPBIBHOM
METOJE MUHUMMU3AIUU BTOPOI'O ITOPSIAKA

B.I'. MasauHoB

(460014 OpenOypr, ya. Cosetckasi, 2, UIHCTHTYT NOBbIILIEHHs KBATH(DHUKALIMH)

I'Ipe,zmaraeTca H HCCAEAYETCA METO/1 pETyIsapH3alluy AJIs pCUICHHA 341384 MHHHMH3AIHH C
HETOYHBIMH MCXOJHBIMH JaHHBIMH B I‘HIII:GCPTOBOM [IPOCTPAHCTBE, OCHOBAHHBIH Ha
HEMPEPLIBHOM NPOEKIIHOHHOM METOAE BTOPOr'o MopsaKa. HpHBOﬂﬁTCﬂ JOCTATOYHBIE YCIIOBHA

CXOAUMOCTH, CTPOHUTCA ITPaBHJIO OCTAHOBA METO1a.

1. PaccMoTpuM 3an1ayy MUHHMH3ALUH
f(x)—>inf, xeQcH, (1)
rge Q - 3aJlaHHOE MHOXXECTBO, Hanpumep, oOpa3oBaHHOE KOOPAWHATHBIMH

OrpaHu4YeHusiMH, W3 TuiabbeproBa MpPOCTpaHCcTBA f, HOPMHPOBAHHOIO
CKalsipHBLIM npou3BegeHueM, V xeH ||x|‘= (x,x)"; Gynkuns £ (x)
onpezienieHa, BbIMyKa U HenpepblBHO A depennupyema no Opeute Ha F, ee
TPaIMEHTH] YIOBJIETBOPSIOT YCsioBUIo Jlnnmuua: 3 L=const>0,

“f'(x)—f'(u)HS Lx-u|, xueH; (2)

[IpeanonaraeM, 4To
inf f(x)=f, >-o, xeQ; 0O ={xeQ: f(x)=/}#D. 3)

JAns pewenns 3agaud (1) moayyund pacrpocTpaHeHHe HenpepbiBHBIE
METObl MHHHMH3aLMH BBHAY WX M3BeCTHbIX AocTouHCTB [1]-[4]. Ho 3axaua
(1) obuieM cnyyae HeycTOHuMBa [5] K BO3MYLIEHMSM  MCXOJAHBIX JaHHBIX

(Hanpumep, B 3afaHMK QYHKUME f(X) # (M1M) ee MPOM3BOJAHBIX) M 4aCTO
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PEWIaeTCs €  TOMOLUBIO  PeryispH3oBaHHBIX  MeTofoB  (cM.  [6]-[9]).
HenpepriBHble perynspuzoBaHHble METOABI /I 3a1auyH (1) m npyrux 3anay
MHHUMH3aUMKH  TPH  (QYHKUMOHAIBHBIX OTPAaHMYEHHAX MPEMTOKEHB K

HCCIeoBaHbl BO MHOTHX paboTax (cM., Hanpumep, pabotsi [10]-[15]).

3nech mpeamonaraeTcsi, YTo MMeeTcs MOTPelIHOCTh 3aaHHs rpaiueHToB
GyHxkuME  f(X), a 1us peleHHs 3a4aqu (1) uccnenmyercs peryasipu30BaHHBIi
METOA MHHHMMH3alMH Ha OCHOBE OOBIKHOBEHHOro ad((depeHLHanbHOro
YPaBHEHHS C ONepaTopoM NMPOeKTUPOBAHMUSI B [IPaBOii YacTH.

2. Ilycts dynkuus x=x(t)e C 4 [0, + )~ sBAseTCS peleHHEM 3amaun
Komu
o()x (£)+x (1) +x(1) = P, [y(®) +BO)y ()x (1) =y, () T.(y(1),2))], 20,
(4)
npy HavyanbHeIX yenoBuax  x(0)=x’, x(0)=x',
rae PQ [v] - mpoekuus Touku v eH Ha muokectBo Q; x',x' e Q -
HayanbHble TOYKH;  MPOM3BOAHBIE X (f)= dx(t)/dt, x (t)= d’x(t)/ dt*

GyHkuun - x(#), >0, cO 3HaYEHHIMH B ruabOEpPTOBOM npoctpaHcTee H,

noiumaloress (kak W B [10]-[15]) B cmbicne raBsl 4  KHUrU [16];

y(1) = x(1) + o (£)x (1);

T, (y(1),0) = (y(), )+ W()y(t), y(t)eH, 120 - (5)
npubNMKeHHE B TOYKeE y(?) TOYHOIr0 rpagueHTa
T (x(1), 1) =f (x(t) +(1)x(t), X(1)€H, 120 (ynkumu TrxoHosa
T(x(2),1) = £ (x(£)+ (1) [x(0)| /2, x(t) e H;

o(t),0(t), B(e‘),yl(t),yz(f), 1(f) - napamerpsl MeTona (4),(5); npubauxenHsIe
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rpanuentsl GyHkuuu £ (x(¢)), cnenys paboram [8]-[15] u ap., o6o3Hayaem
f (x(1),t), oTMeyas MX 3aBMCMMOCTb OT mapamerpa f>0. Kak u B paborax
[8]-[15], mpeanmonaraem, uyrto pewenue X(f) 3amaun (4),(5) cyuiecTByeT Ha
nonyock [0,00) mpy MOGBIX HAYanbHBIX Toukax X ,x' € H. B cuny ycnosuit
s pyakunn  f(x(¢)), oynkumsa T(x(¢),t) nuddepenumpyema no Ppeiue Ha

MHOXecTBe (J; TojaraeM, 4YTO BBINIOJIHEHO CBOWMCTBO €€ HEINpepbIBHOM

middeperuupyemoct Ha Q.

3aMeTHM, 4yTO: 1) OMHMM M3 UTEPATHBHBIX aHaJIoroB Metoaa (4),(5) ciayxuT
perynspu30BaHHBIA  JABYXIIArOBbIH  YeThlpeXmapaMeTpUYecKWil  METO.,
NpeIOXKEeHHbIM U HeeneoBaHHbIN B pabote [17]; 2) meton (4),(5) nocTpoeH
Ha OCHOBE HENpEepbIBHOIO METOJa MHHHUMHM3AaLMM BTOPOrO  IOPSJKA,
uccnenosaHHoro B pabtore [18];  3) mpu a(f)=0, B()=1, yl(t)=0,
o(t)=0 w3 (4),(5) nomyyaeMm HENpPEPLIBHBIM peEryIspU30BaHHBIA METOI
npoekuuy rpaauenta [11]; 4) mpu a()=0, B()=1, vy (1)=0 wu3 (4),(5)
MOJyYHM peryJsipu30BaHHbIA HENpepbiBHBIH METOJA TPOEKUWH IpajveHTa

Broporo nopsjka [10].

Ormerum, yto  metoa (4),(5) OTHOCHTCS K Kiaccy JJIMHHOILArOBBIX,
06/1aJaI0LMX TTOJIE3HBIMH BBIYMCIIMTEbHBIMU cBOMCTBaMH [19]; npenctasnser
MHTEpeC CBOKMCTBO METOJa, COCTOsilee B  HAJIHYMM  BO3MOXKHOCTH

peryiupoBaHus HarnpaBJIEHHA  JABHXKCHHA K MHUHUMYMY = BEKTOpa

B(t)(yl(t)x‘(:)—yz(r)T;(y(t),!)), MyTeM W3MEHeHUs I1apaMeTpoB MeToja
RO IEAGY

3. TlposemeM OOOCHOBaHME JOCTATOYHBIX YCJIOBMH, IIPH KOTOPBIX

TpaekTopus meroaa (4),(5) cuibHO B H  CXOAMTCS K HOPMaJlbHOMY PELIECHHMIO
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x* 3anaum (1). ([lanee apryment ¢ y pynkuun x(f), ee npou3BOAHBIX, & TAKXKE
Yy BBOAMMBIX KO3((HIHMEHTOB, NapaMeTpOB METojAa W MX MPOM3BOJHBIX, I

KPaTKOCTH 4YacTO OIycKaeM.)

Teopema 1. TTycTb BBIMONHEHBI TAKKHE YCIOBHUS:

1) MHOXecTBO QC H BBIMYKJIO M 3aMKHYTO;

2) Beinyknas Gyukuus f(x) HenpepbiBHO an(depeHuupyema no Ppere
Ha H, ee rpaaMeHTH! yIOBNeTBOPSIOT ycnoBuio Jlunuuua (2);

3) npubamxenns f (X,/) TOYHBIX rpaanentoB f (X) HenpephIBHBI MO X

npu Beex >0, M3MEPHMBI IO { MpH BeeX X € H, HMeET MecTo oueHKa
max”f'(x,r) . f'(x)||sa(:)(1 +|x), V xeH, t20; (6)

4) o(1),0(1), B(¢), v, (1), v, (1), ©(¢),8(¢) - napamerpbi MeToza (4),(5), TakoBbI,
41O a(1), Bt), 1, (1), (1) €C* [0,00); 3(1) € C[0,00);
Y (1),0(t) eC'[0,0); Qyuxuns  T(r) Bemynas;  o(r), a(t), B(e),y (1)

OrpaHH4€HbI;

s(1)>0, a(r)>0, B(r)>0, ¥,(0)>0, y,(1)>0,

1(1)>0, 8(t)20, 120

T(1)<0, o'(1)<0, a'(r)<0, PB'(r)<0, 'y'l(t)SO, 7'2(f)<0,
a"(1)>0, B'(1)20, 7,"(1)20, ()20, r20;

Ty, +8 50, & +8(1,0)7 +[t]|(r,0" 50, 1>, (7)
6()’21)_2 +5y;"r'2 +"t'|(}r21:)"2 =0, t—>om,
o() >0, >0, B(1)>B'>0, a(t)—>a’>0, 1, (0)=7>0, 15w,

T(1)>0, a ()0, B'(t)=0, yz’(r)—a»o, t — oo,
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Torna nns merona (4),(5),(7)
() -x']+ e 0] + [x W), 1>, (8)
rie x €0, “x” =inf|x|, xe€Q,, -HopmansHoe pemenue sanauu (1),(2).

CxomuMocTh B (8) paBHOMEpHas OTHOCHTENBHO BbIOOpa MPHOIHIKEHHBIX
rpaieHTOB f'(x,t) u3 ycnous (6).

NlokazaTteaberBo. (Cxema JoKa3aTelbCTBa aHAJIOIMYHA HMCII0JIb30BaHHBIM
Mpy 0OOCHOBAHHM CXOAWMOCTH JAPYTHX HEMPEPhIBHBIX METOA0B MHUHHMH3ALWH,
Hanpumep, B paborax [10]-[13], [15], [20]. Cnavyana 3ameTHMm, 4TO B CHIY
MpeanoioKeH!i TeopeMbl 1 ycnoBus (3) BbINOJHEHbI, MHOXECTBO MHHHMYMOB

Q. BBINYKJIO U 3aMKHYTO, HOpPMaJIbHOE peleHke 3anadu (4),(5) H MHHHUMYM

dyskuuuM  f(X) CymlecTByOT.  BBHay CHIBHOH BBIMYKIOCTH (YHKLHH
TuxoHoBa  Ha H CyLIEeCTBYeT eIUHCTBEHHAass  TO4YKa
v =v(r)=argminT(x,r), x€Q, r=0 (cm.[1],[8]) uro

X

, lim

r=»w

vis

sup v'—x'"=0, (Tl(v',r),u—v')ZO, ueQ, r=0.
rz0

9)
V3 xapaKTepucTHYECKOro CBOHCTBa orneparopa npoektuposanus ([8], c. 72)

M u3 (4), mnonb3ysch HaeeH u3 pabotel [2], nonyyaeM BapHalMOHHOE

HEPABCHCTBO

(ox" +(1-a=Py )x +Py, T (y,)u-w)20 V ueQ, 20,

(10)

rae w=w(t)=0x"+x'+er. [Tonoxum B (10) u=v(r) H CI0XKHM

ero ¢ TPeTbMM COOTHOmleHHeM U3 (9), TpHHAB B HEM U=W € Q u
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YMHOXHB Ha Byz >0:
(ox +(1—a—By )x +By, [T (y,))-T (v/,r)],v' -w)20, ¢,r20.

[peoGpa3yem 310 HepaBeHCTBO, nons3ysich (4), (5) u ¢opmynoi ans

TOYHOro rpaguenTta GpyHkuuu TuxoHoBa, K BHIY
(ox +(1—a =By )x +By, (f (y,0)=f (), v(r) - W)+
+ By, {(F (9)—f (v(r), v(r) - W)+ (@t x +v(r)[(t) - t(r)] +

(11)
+1(O[x(t)-=v()],v(r)=w)} 20, £,r20.

Bocnonbk3oBaBuiuce HepaBeHCTBOM Koruu-byHsIKOBCKOro, HepaBEeHCTBOM
(M. [21]), ©(V)-¢ (w,u-z)<Llv-7/4, uv,zeQ ,

CTpaBeTHBBIM 14 BeIMyKnoi pyuxuun  @(x) € C"'(Q), u3 (11) monyuum:
(ox" +ax,w-v(r)+By tx=v(r)[ +Py t(x-v(r),ox +x) <
< By, [ (v, O~ W Iw = v+ Lw—y|' 14+ (12)

+(r) = ()| [v(r)| [v(r) - w1, ¢, r20,

rne a=l-a- Byl - (1]3721 . Hanee, noyp3ysich OLEHKOM

max {suf"v(r)"; sup”f'(v(r))“} < CU = const , (13)

rzl

ClelyIOLUEH K3 NepBOro COOTHOWEHHUS (9), HepaBeHcTBaMK (6) u

dab|<ea’ +£7'b°,  (a+b) <(l+e)a’+(1+e )’, V¥V ab,e>0,

(14)

BbIOMpas noaxoasuue €, ot (12) npuaem k HepaBeHCTBY

b, (& x=v(r)+b, (X, x=v(r) +By T x v +07 x| +
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ro(ra)x’, x)+a x| < By, (3)(1+ lyDlw - v(r) + 025L 1 - a)x +ox | +

4 O.S(C; y;‘ lt(t) - I(r)]2 +4, Iv(r) - wuz )< By, B(C, +1+ ly = v(r)Pv(r) - w|+

+By, {025L[(1- a)’ Hx ”2 +0° “x“z +2(1-a)o(x ,x )]+
+05C2 B [u(r) - w(r)" +05y, vy -w[' 1, £,r20,
rae b” =g(]l +BYZ‘E); b21= a+Py,t. Orcrofia, yUUThIBas OLIEHKH
w - v(r)H2 <(1+y,)|x - 'v(r)l]2 +(1+ 7;1 ) oznx"nz + ”x“z +20(x ,x)],

B1,8(C, + 1+ ly-vi vl < @ x-v] +a

gt a}“x'uz +a,,

rie  a =a1(r)=[3726(2+372)/2; a, =a2(t)=02|36(y; +v, +1);

a,=a,(1)=05B8[2y>+ (@’ +2)(r, + D], a,=a (1)=(C,+1)’B3,
TONYYHM:

b (x x—v(r)+ bZI(x', x—v(r)) +b, Ix - v(r)“2 +b, (x ,x )+

+b5] “x”z + b(,I hx”z < Cg(t,r), t,r20,
rae

2 . — - - ¥
b, =By, t—a -05y:(y,+1) b, =o{l+a-Py,[05L(1-c)+y, +1]};

bs: =a-a _0_25|3~(2[L(1 —a)’ -2%, = 2]; g(t,r)=B@+|u(t)- t(r)[z);
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=o' [1-B8(y; +y, +1)- 05y, (1+y, +2L)];
C = max [(C, + I O.SC: ].

B neBoii yacTu nocnennero nepasencTsa yutem paseHcTsa (cM. [2],[4])

2(x = v(r), x )_ ”x v(r)" -2’ (r)” 2(x, X )~—H (15)
2(x—v(r),x')=dr
TOrZla OHO npeoﬁpa3yercsl K BUIY
b(r) “v(r) X[ +b (z)_”v(r) X" +b ()|v(r) - x| +b (z)” H
+b(r)iﬂx'”2+b (f) “x}r < Cglt,r), t,r20 (16)
S dt 6 B e
re b (1)=05b; b ()=05b,; b (1)=b ; b,(1)=05b_(1);

b (1) =b,, ~b.;
bé(r) =b6[. B cuny ycnosuit (7) cywectsyer uncio f, TaKoe, 4TO MpH Beex
r2 !, BBINOJHSIOTCS HEPABEHCTBA
d<t<L/4, (l+o¢)}f2‘c <Y,, o<min{l;L/4},
{1-[(L-41)/ L]} /2 < o < min{[1+((L - 41)/ L)*1/2;3/8;1-0},

(17)
0 <y, < {[(1+308)" +81-88]" -1-135) /2

TIpH BBIMOJTHEHHH KOTOPBIX 1 ycnosusix (7) b‘_(t) >0, iel6.

UTobbI nokasath (8), mokakeM, YTO KaXkJI0e Claraemoe g nesoit yactu (8)
f

CTPEMHTCA K Hymo. YMmHOXHB (16) Ha pyHKuHIO e(t)=exp( jt(s)yz(s)ds],
0

NIPOMHTErPUPYEM IOJTy4EHHOE HEPABEHCTBO M0 f € [to, ]y T3¢ 21
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[T (s)e(s) = (b, (s)e(s)) +b, ()e(s)] [v(r) - x| s +

+ [ b, ()es) [T +1b,(5)e() - B, (De() 1| 3 s +
(18)
+b e% vy = x| +1b, e (b &)1 |v(r) - x| +b,e "x"2 <
<C [g(sPe)ds+C,lq),  t>q2t, r20,

rae C'l =, Cz(q) He 3aBUCHT OT r H, ¢ yuetoM (13), (15), (17),

C,(q)=[b,
‘ ; : ) 2
Ix @) (C, +[x(@) D +b,() - @, +5,7,9(C, +[x])* +b,(0) x| Te(e).
CywecTByeT nocTaTouHo Gonbuoe yucao ¢, uto kpome (7), (17) umeror
MECTO OLIEHKH b; <Y, cyosb2 <405, b4 200,

Loy, /4<1-q, 72<(a+By|)/(aBt), 0<0.50'050.5cs<bl<0,
b 2301, 0<b <Py,T, -1<y,,b,1 <0, -201<(by,1) <0, (19)

x|, [v(#) - x|’ non unrerpanamu B nesoit wactu

L} 2
K03 HULIMEHTHI NpHU l|x u ,l
(18) Heorpuuarenbhsl YV q2t|2r0, A€ YMCIo f J0CTaTo4HO OonblloE.
[Tostomy, nonarass ¢>¢g 2t , ONYCTHM HHTErpabl B neBoit yactu (18) kax

HyJIeBble claraemble ¥, Y4uThbiBas (13), mpuaeM K HEpaBeHCTBY

b eg; Iv(r)- x| +06,e-(b,e)1|v(r) - x| +b,e ||x|]2 <
<C ]g(s,r)e(s)ds+C2(q), t>q2t, rz0. (18"
q
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Iponnrerpupyem (18') ua otpeske [q,1]:

f

[0~ 200 v - by e[| s b evcr) o [ <
q

<C _l' ;[g(s,r)e(s)dsdz+Cz[q)(t—q)+C3(q), t>q2t, r20,

(20)
rae, ¢ yserom (13), C (q)=b,(9)e(q) (C, +|[x(¢)|)* ne3asucur ot r.
B CHITY (17), (19) | HEpaBEHCTB
(s 3 <t 2ylyztc<(1—a2)6, 272'ccs< 1-a,
bze - 2(bie)' 20, chnpaBeANUBBIX NPH HOCTATOYHO GOJBIIOM t,, MHTErpai B
neBoit vyacth (20) HeoTpuuaTeneH mpu Beex g2 t,2t. 3aMeHHB ITOT

HHTETpas HyleMm,

u3 (20) -1 (19) nmonyuyum:

o e|v(r)-x|" < 2C [ [ g(s,r)e(s)dsdz +C (q)(t - q) +
q 9
Cj(q), t>q2t, r20.
IIpu r=t u Bcex t>gq 21, OTCIO/ia ClefyerT:

[v(e)-x()|* < i{C, [ [ &Cs,0)e(s)dsdz +C,(g)(t - q) +C3(q)}-
C e

0 q q
(20

ITockonpky GyHkUMH T(f) BbIMyKJIas, MOHOTOHHAS, riiafKasi, UMEET MECTO

oueHka O0<t(s)—t(f)<-1'(s)(t—s) npu t2s, TO
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S

g(s,)< BB+ ') Je -9, 12520, 1)

¥ (20') 3amumiercs B BUIE

[v()-x@) < #_{cl f ]B[a +}t'(s)12(r — ) Je(s)dsdz +
q9 9

+G,(q)Nt-9)+Cy()}, t>q2t,. (22)
YuuteiBas (7) ¥ COOTHOILUIEHHUS

Bde(t) >, b (t)e(t)—> o, e(t)—>o, {[t()y, ()] e()} >w, t-—>o,

(23)
npuMeHss K NMpaBod yactd (22) mpasuno JlonuTans JOCTaTOYHOE YHMCIO pas,
MONyYHUM:

[x(1) = v} =0, [x(t)=v(t)| >0, t—>w, (24)

H, C Y4ETOM HEPABEHCTBA ||

. L]
— th—x

a TaxK)XX€ BTOpPOro

cooTHowenus U3 (9) npu r=t, uMeeM:
“x(r) - x'U—> 0, t—o. (25)
Jlns nokazarensctBa (8) ocraercs Aoka3aTh OCTABLIMECS ABA COOTHOLLEHHS
”x'(I)H -0, ”x"(r)" —0, t—> . TlokaxeM BbINOIHEHHE NEPBOrO M3 HHX.

U3 (18') npu t=r, cyyeroM (14) uouenku u3 (19), cnenyer:

Hx' (r)||2 <2 |obe(x,x—v(1)+C ]g(s, Ne(s)ds + C.(q) | <
o et)| 1q 2

< Z[Zb]e”x' H"x ~v(t)|+C ]g(s, t)e(s)ds + Cz(q):l /(o e() <

2

2C (¢
<025[x ||+ i L - v(t)||+ 't){_[g(s,r)e(s)dwCz(q)}, t>q 2t
q
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Orcrona, ¢ yuetom (21) u (24),

8C,
30 (1)

iy (r)“2 < {]B[a " [t'(s)r(r ~5)2Je(s)ds + C, (q)}, t>q>1.

(26)

YaureiBas (23), (7), npumeHss k npasoi yactd (26) mnpaBuiao Jlonurans,

MOy UHM:
Ix ()] —>0, t>w. (27)
Hcnonesys (4), (6), (2), (7), (13), pPaBEHCTBO
Pg(v(f )=v(t), veQ, t=0, CKHMMalolllee  CBOWCTBO  oreparopa

NMPOEKTHUPOBAHHUA, IMTOCIEA0BATEIbHO BEIYHCIIAEM !

ofx'| <2, v+ By x =1, (£ 5y (00) + ()} = B v+ x|+ [ = v

IN

<(1+a+By, +apy,Dx|+@+Br - v+ By, | £ (v(0), 0 -1 (y(0)| +
+BY, [ ) = £ (VO By, [ (V)| + B, v (o)) <

<(1+a+By, +apy,vx|+@+By,ox—vo)+By 30+ |y@)) + LBy, Jy - vl +

+C By, (1+1)< a "x“ ta [x-v(t)|+a,
rae  a =1+o+Py +aPy,(d+L+1) a =2+Py,(8+L+1)
a =By2 [CO(S +1+1)+08]. CraenoarenbHo, ¢ y4yeToM OLEHKH Juisi o(f) H3
(19):
[0 < o] la,()|x|+a )k =V +a, ()], t>q2r . (28)
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Orcrona, yuutsiBas (7), (23) u (26) nonyvaem:
'] -0, 1> (29)
U3z (25), (27) u (29) cnenyer (8).
[IpaBble yacTH OUeHOK B (22), (26) u (28) He 3aBHCAT OT BbIOOpa
npubnuxenuin (x,1) rpaavenTa (QyHkuuu  f(X), YAOBJIETBOPSIOLIMX
ycnosuio  (6), mpenenbHoe CooTHoweHue (8) BbIMOJHACTCS paBHOMEPHO

OTHOCUTENBHO BbiOOpa npubiwxenui  f (X,f), yAOBIETBOPSIOLUMX YCJIOBHIO

(6).

Teopema 1 noxasana.
Mpumeuanue. B kauectse mapamerpos merona (4),(5), yAOBIETBOPAIOLIMX
YCJIOBUSM TeOpeMbl 1, MOryT ObITh BbIOpaHbl, HAIPUMED, CIENYIOIIHE:
a(t)=c (1+1)", B(n)=c,(1+0", v ()=c(1+ H", v,(0)=c,2+07,
o(=c,+(1+07°, UN=cd+D7, 8)=c,(1+ 07, (30)
rae yucna ¢ > 0, iel’, ¢, < ; 0,1,0>0; 2t+20<0; napamerpsl
merona 1 —o()>a(l);, o(t)<l; d()<t(r)<L/4.

4. TlpaBuio ocTaHoBa METOAA (4),(5),(7) cTpouTcs aHANIOTHYHO TOMY, Kak

310 cjenano, Hanpumep, B paborax  [10], [15], [17]. Cornacno Teopeme 1,

rpagueHT f (x) dynkuun  f(x)  MOoKeT ObITh BbIYHMCICH B n1000#H
dbukcupoBanHoii Touke X €H € HekoTopoi owmnbkoit  O(¢), TaKoH, uTO
8(t)—> 0 mnpu f—>00, M BbINOIHACTCA (6). OpnHako, B KOHKPETHBIX 3a/1ayax

oMbKa HAayaibHbIX JaHHbIX OOBIMHO OOMbLIE HEKOTOPOro (pUKCHPOBAHHOTO

IONOKUTEIBHOT0  YMcia w. [TpearonokuM, YTO i KDKAOTO
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¢GHUKCHPOBAHHOTO X € H, BMECTO BBIYMCIEHHS TOYHOrO 3HAYEHUS IrpajIMeHTa

f (x), BO3MOXXHO BBIYHC/IUTD €ro annpokcumauuio f (x,f) Takylo, 4TO
w

max “f'“_(x,r) —f'(x)||5w(1+|\x ), xeH, t>0, (31)

rae w(f)>0 wusBectHoe uucno. Torma, 3amMeHsis NMPUOIMKEHHBIN TpagHeHT
f'(x,r) B metone (4), (5), (7) Ha f“:(x,r) u3 (31), smecto (4),(5)
OPUXOJUM K METOIY

() (D) +Z()+2t) = P {(v()+Bly, Z()~ v, (£ (v(D).0) + Tv(e)]},

vin=zt)+a()z (t), 20, z0)=2z°, z(0)=z". (32)
Opnako, g Meroma (32) ycooBus (7) 14ns  mapaMeTpoB
o(1),a(r),B(7).y (1), v, (), (1), COOTBETCTBYIOILIME TMapaMeTpy
norpemiHoctd  w(f)=w>0, 120, OyayT oueBHIHO HApyLUEHbI, TAK YTO
npouecc (32) MOXET PacXOAMTLCSI M €ro HCIOJb30BaHHE Uil OONBLUKX
3HaueHuil ¢ Oyner HeBepHo. Omnmpasch Ha TeopeMy |, MOXHO MOCTPOMTE
IpaBUIIO OCTAHOBA H MOJIYYHTh OTBET Ha BaXKHbIA BONPOC: 10 KAKOTO MOMEHTA
BpeMeHH ={(w) HYXHO NpoAOMKUTL npouecc (32), 4TOObI MONYYEHHYIO B

ero pesynpTate TOYKY z(f{(w)) MOXHO OblIO B3ATh 3a NPUOJMIKEHHE K

HOPMaJbHOMY PCLICHHIO X  3ajaud 1, COOTBETCTBYIOLUEe BHIGPAHHOMY

YPOBHIO norpeiuHoctd w>07?  Jlns 3Toro GpukcupyeM HeKOTOpble HavyalbHbIE
3HAYEHUSA xo,mI € H u mapaMeTpbl MeToza, (yHKLHH
o(1),a(t), B(1), v, (1), v, (1), (1) , (33)

ynosnerBopsitoline ycnosuam (7).  Moryr 6bith BeiGpansl pyHkuuu (30) u
w<9(0).
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ITockonbKy BeIONHEHWe ycnoBuit (7) 3mech He npeanojaraercs, TO
bynkuns  w=w(f), 120, Tenepp sBAseTcs napametrpom Mmertoga (32),
COBEPIIECHHO HE CBSI3aHHBIM € ycnoBusaMu (7). [lng kaxaoro (puKCHpoBaHHOro
w, 0<w<d(0) B (31), npouecc (32) c BeiOpaHHBIMH MapameTpamMu (33)
byneM nponomxarh OO MOMEHTa BpeMeHH f=1(w), onpeneséHHOro us3
YCIIOBHS

t=t(w)=sup{t: w<o(s), 0<s<t}. (34)

[Tockoabky &(2)—0 npu t—>w, J8(0)>w, Tpebyembii MOMEHT
BpEMEHH t=t(w) OyZeT KOHEYHbIM M HaWAeTcs sl KaXaoro
duxcuposanoro  w>0.  Crenmyrouel Teopemoil aaercs O0OOCHOBaHHE
kpurepus (34) ocranona npouecca (32).

Teopema 2. Ilyctb: 1) BBINOJHEHbI yCIOBHS TEOPEMbl 1, BKiIOYast Cry: 2)

npu-6J1HKEHHS f'.(x,t) rpaguenToB  f (X)  YIOBJETBOPSIOT YCIOBHIO

(31);  3) tpaektopus z(t), 0<f<t(w) noryueHa METOAOM (32), rne

MOMEHT BpeMeHH ! ={(w) OrNpeje/ieH B COOTBETCTBHH C NMPABHJIOM OCTaHOBA

(34). Toraa
“z(:(w))—x'"—m npu w—>0. (35)

Jloka3aTebCTBO TEOPeMbl 2 NPOBOMMTCS TaK XKe, KaK W COOTBETCTBYIOLIHX

TEOpEM B

paborax [10], [15].
5. Perynspusytomuii onepatop (CM. [6]) 3agaun (1) ctpouTcs criocoOom,

AHANOrMYHBLIM MCrosb3oBaHHBIM B paborax [8]-[10], [I5] wu mpyrux.

CootHoweHHe (35) cooTBETCTBYET NpaBuly OCTaHOBA (34) u chopmyIMpOBaAHO

s (puKcupoBaHHoro yposHs ommbkn  w>0 B (31). [Ilpu Takom ypoBHE

norpewHocTd B (31), BbINOJHEHHH NpaBHia 0CTaHOBA (34) n Teopemnl 2,
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perynspusyiommm  Gyner  oneparop R“_=R“ (fw(x(t),t),w),
COTIOCTAB/ISIIOILIMI  BCIKOMY  Habopy CBOMX aprymMeHToB, T.€. YHCIY

w, O0<w<w(e) u npubnmKEeHHIO f".(x,r) rpanueHTa GyHkuMH f(x) u3

(31), Touky z(t(w)) wmeroma (32),(34) (cm. [1], [6]-[11]). Kak u B apyrux
HETPEPLIBHLIX Perynspu3oBaHHbIX MeToaax u3 pabor [10]-[15], Bxoasumme B
onpezesneHue peryaspusyrouero onepatopa R , 0<w<w(0), nmapamerpsi-
Gynkuun (33) meroma (32) ymoBinerBopsitoT ycioBusiM (7), a B OCTaJbHOM

MPOM3BOJIBHBI.
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